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Abstract. — Using a natural distance, we define and study a family of orders on partitions 
of a given set X. When the set X is the disjoint union of two copies of {1,A;}, there exists 
a canonical choice of order in the family we constructed. We show that the two ordered 
sets of partitions and non-crossing partitions of k elements can be seen as subsets of the 
ordered set Vk of partitions on X. We generalize the notion of Kreweras complement to the 
set of partitions Vk- These notions allow us to define new structures on the linear forms 
on partitions: some triangular transformations, two convolutions, a multiplicative bi-albegra 
structure and an Hopf algebra structure and some natural projections. We study the set 
of characters on partitions and their interaction with the newly constructed structures. At 
last we show that the abstract structures appear naturally when one considers the notion of 
convergence in moments for sequence of partitions. The notion of convergence is generalized 
in order to study the algebraic fluctuations. 
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1. Introduction 


This article is the first of a serie of three in which we generalize the notions of inde¬ 
pendence and freeness in order to define a notion of A-freeness in the setting of A-tracial 
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algebras. This setting unifies classical and free probabilities and allows us to study ran¬ 
dom matrices which are not asymptotically invariant in law by conjugation by the unitary 
group. In this article, the reader will find the needed combinatorial tools; in the article 
[4] , he will find the study of „4-tracial algebras and applications to random matrices; the 
article [5] uses the previous result and focuses on the study of general random walks on 
the symmetric group and the construction of the (S(oo)-master field. 

The set of partitions of k elements, denoted by P& and the set of non-crossing partitions 
of k elements, denoted by NC^, both endowed with the finer-order <, are two important 
ordered sets in classical probabilities and free probabilities. Their importance comes from 
the fact that one can define the notions of cumulants and independence or freeness using 
these ordered sets. For example, let X\ ,...,A*. be random variables which have all moments 
bounded. The cumulants of X\, ..., are defined by the fact that for any integer l and 
any ii, E 

V[X il ...X il ]= Y, II cum ((^ u)uGb)- 

irSP i b£ir 

Besides, two random variables X and Y are independent if and only if their mixed classical 
cumulants vanish. This means that for any integers k, l > 1, cum(X, ..., X, Y, ..., Y) = 0 
where we wrote k times X and l times Y. 

One can define the free cumulants and freeness by considering elements in a non- 
commutative algebra A endowed with a tracial state <f, and using the set of non-crossing 
partitions NQ instead of the set P/. The set of non-crossing partitions NQ is also endowed 
with an interesting involution, the Kreweras complement involution [8]. Actually, in this 
paper we prove the two following results. 

Result 1. — For any integer k, there exists an order < on Pok such that the sets (P&, <) 
and (NCfc,<) can he seen as subsets o/(P 2 fc,<). 

Result 2. — For any integer k, there exists a notion of Kreweras complement on P- 2 k 
which generalizes the notion of Kreweras complement on NC&. 

In order to prove this, we define for any set X a distance on the set of partitions V(X) 
which allows us to define a family of geodesic orders that we thoroughly study in Section [2j 
The main results of this section are summarized below. 

Result 3. — The function defined on V{X) x V(X): 

d{p,p') = ^{#P + #p') - #(P V p'), 

where p V p’ is the finest partition which is coarser than p and p', is a distance. 

Let b be a partition in V(X) and let say that p' < fe p if d(b,p') + d(jp\p) = d(b,p). 

Result 4■ — The order <b is fully characterized: 

1. there exists a “decomposition” of <b using two simpler well-understood orders, 

2. the Ftasse diagram is described, 
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3. the Mobius function of <b is computed. 

In Section [3l we apply these two last results to the set R({1,..., k, 1',..., k'}) = V) ; which 
is in bijection with P 2 k- This allows us to prove in particular the Result 1 which is partly 
a consequence of the following result. 

Result 5. — The order < on Vk is a natural generalization of the Bruhat order on per¬ 
mutations. 

The order in this special case exhibits some other interesting properties, like the geodesic 
factorization, that we study further. In Section [3781 Result 2 is proved as a consequence of 
the new Inequality (1181) which links the distance and the multiplication operations on Vk- 
The main result of this section is Theorem 2.4 which links different notions of defect for 
partitions in Vk and which allows us to prove the following result. 

Result 6. - - The notion of Kreweras complement can be used in order to define a new 
order on partitions, denoted -< which satisfies a nice factorization property. 

In Section SI we follow some ideas of m using the previous results, we define some 
structures on the set of linear forms (©^qC^])*. 

Result 7. The set ((B^L 0 C[Vk\)* can be endowed with: 

1. two convolutions which allow us to define: 

— a structure of graded connected Hopf algebra, 

— a structure of associative, co-associative bi-algebra, 

2. notions of characters and infinitesimal characters which are compatible with one an¬ 
other through the two notions of convolutions, 

3. some triangular transformations which nicely interact with the notions of character 
and infinitesimal characters, 

4. three natural projections: the cumulant-projection, the moment-projection and the 
exclusive-projection. 

In Section [5j we explain how the structures defined on (ffi£L 0 C['P/ c ])* appear naturally 
when one considers a special notion of convergence for sequences of elements in C[Vk\- 
Actually, we emulate the theory of random matrices in a combinatorial framework: for 
any parameter N, we introduce a family of linear forms on the partition algebras which 
allows us to define a notion of weak convergence similar to the convergence in moments in 
random matrices theory. This notion of convergence is linked with a notion of moments, 
yet we can link it with the asymptotics of the coordinates. 

Result 8. — A sequence (En)n ^n converges if and only if the coordinates of satisfy 
a specific asymptotic behaviour as N goes to infinity. 

We also study a notion of exclusive moments and show that the convergence of these 
exclusive moments is equivalent to the convergence of the moments. Besides, it is well 
known that for any integer N, there exists a natural multiplication on C [Pk] which depends 
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on N [7|. Let us denote it by Xjy: the convergence is “compatible” with this family of 
multiplications. 

Result 9. - If (Ejy)]\r £ N and (-Fjv)iveN converge for the notion of convergence defined 
in Section 0 then E at x at Fjy converges and the limit of E^r x at F at is linked with the 
multiplicative convolution on (®j!T 0 C['Pfc])*. 

If for any integer N, (.E^) t > o) ' ls o, semi-group for Xjy, if the sequence of generators of 
(E l N )t> o) converges then for any t >0, E l N converges. 

Gathering all the results in Section [5j we obtain the following result. 

Result 10. — There exists a natural notion of convergence for sequences in C[V k ] such 
that the structures defined on (©fcL 0 C['Pfc])* can be approximated by natural structures on 
C[V k }. 

In Section [6J we generalize the results obtained about the convergence of sequences in 
C[Vk\ in order to deal with algebraic fluctuations of these sequences. 


2. Geometry and orders on partitions 

Let us consider a finite set X. The set of partitions of X is the set: 

V(X) = {{&i,..., b k } |0 / &!, C X; uti&i = X; Vi / j £ {1, k}, b { n b, = 0}, 

Let p be an element of V(X). Let b G p: it is called a block of p. We denote by nc(p) 
the number of blocks of p. The set V{X) can be endowed with a first order <: p < p' if 
and only if p is finer than p': for any b G p, there exists b' £ p’ such that b C U. For the 
opposite order we will say that p' is coarser than p. For any partitions p and p’ , we denote 
by p V p’ the smallest partition for < which is coarser than p and j/. 

Any partition p £ V(X) can be represented by a graph. For this we consider some 
vertices which represent X: any edge between two vertices means that the labels of the 
two vertices are in the same block of the partition p. An example is given in Figured! Using 
this graphical representation, one can recover a diagram representing p\f p’ by putting a 
diagram representing p' over one representing p. 


1 



Figure 1. The partition {{1,4, 5}, {2,6}, {3}} in 'P{i, 2 , 3 , 4 , 5 , 6 }- 
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2.1. Cayley graph of V(X). — In this section we define a natural graph on V(X) 
which will allow us to define a family of distances on V(X). 

Definition 2.1. The Cayley graph G = (V, E) is given by: 

— the set of vertices Y is V(X), 

— there exists an edge in E between p and p', two elements ofV(X), if and only if one 
can go from one to the other by gluing two blocks. 


Actually, it is almost the Hasse diagram of (V(X), <l): we only forget about the orien¬ 
tation of the diagram. Using this graph, we can define a geodesic distance on V{X). 


Definition 2.2. — Letp andp' be two elements ofV(X). Let Cc(p,p') be the set of paths 
ir in G which begin in p and finish in p': it is always non-empty and Cg(p,p) has only one 
element, the constant path of lenght 0. The geodesic distance on V{X) between p and p' is: 


d(p,p') 


— min #7r, 

2 ttGCq(p,p') 


where #7r is the length of n. A path n such that jfi: = d(p,pO is called a geodesic between 
p and p'. 


The geodesic distance can be computed easily using the following result. 

Theorem 2.1. For any p andp' inV{X): 

d(p,p') = ^(nc (p) + nc(/)) - nc(p Vp'). 

Proof. — For any partitions p and p', we set: 

d'{p,p') = i(nc(p) + nc(p')) - nc(pVp'). 

It satisfies that d'(p,p) = 0 for any partition p. Let p and p' be two elements of V(X). Let 
us see what happens to d'(p,p') when one moves from p' to one neighborhood of p' in G. 
Suppose that we glue two blocks of p' , then nc(p) is constant, n c(p') decreases by 1 and 
n c(p V p') stays constant or decreases by 1. In this case d'(p,p') will increase or decrease 
by 0.5. Suppose now that we cut one block of p' , then nc(p) is constant, nc(p') increases 
by 1 and nc(p Vp') stays constant or increases by 1. In this case d\p,p') will also increase 
or decrease by 0.5. Thus a gluing/cutting can at most increase the value of d(p,p') by 0.5. 
It implies that d'(p,p') < d(p,p'). 

We have to show that d(p,p') < d'(p,p r ). Let us remark that p Vp' is coarser than p: we 
can go from p to p V p' by doing nc(p) — nc(p V p') gluing of blocks. The same holds for p': 
we can go from p' to p V p' by doing nc(p') — nc(p V p') gluing of blocks. Thus one can go 
from p to p V p' and then from p V p' to p' in nc(p) + nc(p') — 2nc(p V p') steps in G. Thus 
d(p,p') < \ [nc(p') + nc(p') — 2nc(p Vp')] = d'(p,p'). □ 

Using this distance, we can define a notion of segments in V{X). 
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Definition 2.3. — Let p\ and P 2 be in V(X). The segment \pi,p 2 ] is given by: 

\PUP 2 ] = {p € V(X),d(pi,p) +d(p,p 2 ) = d(pi,p 2 )}. 

An other geometric interpretation is to say that any element p is in the segment \pi,p 2 ] 
if and only if p is on a geodesic path between p\ and p 2 ■ 

2.2. Family of orders. — 

2.2.1. Definition. — Using the geodesic distance d, we can define a family of geodesic 
orders. In order to understand this family, we introduce also two new families of orders 
which are sligth modifications of the coarser and finer orders. To define these orders, we 
consider a base partition b £ V{X). 

Definition 2.4■ — Let p and p' be two elements ofV(X). We define three new orders 
<b,~\b and □(,: 

geodesic order : p' <bP if p' G [b,p\, 

coarser-compatible order : p' ~\b P if P 1 is coarser than p and nc (p 1 V b) = nc(p V b), 
finer-compatible order : p' p if p' is finer than p and n c(p') — nc {p' V b) = n c(p) — 
n c(p V b). 

Using the fact that d is a distance, it is easy to see that <& is an order on V(X) for 
which b is the smallest partition: it is the geodesic order with base partition b. 

Remark 2.1. - The order < is the geodesic order with base partition Ox = {{x}, x £ X}. 

Indeed, using Theorem \2.1[ we can see that p' <o x p if and only if nc(p) = nc{pMp f ) which 
is equivalent to the fact that p' is finer than p. 

The geodesic order with base partition lx = {{x,x £ X}} is the order > on V(X). 

Remark 2.2. — When the partition p gets finer, the quantities nc(p), r\c(pMb) and n c(p) — 
nc (jp Mb) increase. In particular if one such quantity is the same at the beginning and at 
the end of a chain of finer and finer partitions, it must stay constant all along this chain. 

It will be useful to denote the defect of p' from not being on [b,p\ by: 

(1) df b(p',p) = d(b,p') + d(p',p) — d(b,p ) = nc(p') — n c(p' Mb) — nc (p V p) + n c(p V b). 

2.2.2. Study of the coarser and finer-compatible orders. — 

Lemma 2.1. - Let p and p' be two elements ofV(X). We have the following character¬ 

ization of the coarser-compatible and finer-compatible order: 

1 . p' Hfc p if and only if p' is coarser than p and p' <b p. 

2 . p' ~\b p if and only if p' is finer than p and p' <5 p. 

Proof. — This is a straightforward consequence of the fact that: 

1. if p' is coarser than p, df b(p\p) = — n c(p' V b) + nc (p V 6 ), 

2. if p' is finer than p, df b(p',p) = nc(p') — nc(jV Mb) — nc(p) + n c(p V b). 

□ 
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It would be interesting to have a better understanding of the orders and □&. In order 
to do so, we introduce the notion of pivotal blocks, admissible splits and admissible gluings 
for a partition p £ V(X). 

Definition 2.5. -A pivotal block (for the base partition b) for p is a block of p such 
that there exists a way to cut it into two blocks in order to cut a block of pV b into two 
blocks. We denote by Pivfc(p) the set of pivotal blocks for p. 

We denote by A ^(p) the set of all partitions p' which are obtained by cutting in p a 
pivotal block for p into two blocks in such way that p' V b has one more block than p\J b. 
This defines a function A& from V(X) to the subsets ofV(X). The admissible splits of p 

OO 

are Sp b (p) = (j A k b (p). 

k =0 

Definition 2.6. - Let Gl&(p) be the set of partitions p' inV(X) such that p' is obtained 
by gluing blocks of p in a way such that nc(p V b) = n c(p' V 6 ). It is the set of admissible 
gluings of p. 

We can better understand the orders and □&. 

Lemma 2.2. — Let p and p' be two elements ofV(X). We have the following equiva¬ 
lences: 

1. p' H& p if and only if p' £ Gl b(p), 

2 . p' p if and only if p' £ Sp b (p). 

Proof. — The first equivalence is straightforward. Let us prove that the second equivalence 
holds. We can suppose that p' is finer than p since it is implied by both conditions. We 
have to prove that n c(p') — nc (p 1 V b ) is equal to nc(p) — nc(pV b) if and only if there exists 
a path po, ...,Pk in the Cayley graph of V(X) such that po = p, Pk = p' and pi + \ £ A b{Pi) 
for any i £ {0,..., k — 1}. 

Let us suppose that such a path exists: by definition of a pivotal block, we see that for 
any?' £ {0,..., k — 1}, nc(j?i) — nc(pjV&) = nc(pj + i) — nc(pi + i Mb) and thus, nc(p) —nc(pV6) = 
nc(po) - nc(p 0 V b) = n c(p k ) - n c(p k V b) = nc [p') - nc(p' V b ). 

Let us suppose instead that n c(p) — nc (p V b) = n c(p') — n c(p' V b). Since p' is finer than 
p, there exists a path 7 To,..., 7 q in the Cayley graph of V(X) such that 7 To = p, = p' and 
7 Tj + i is obtained by cutting a block of 7 g for any i £ {0,..., k — 1}. At each step the number 

of blocks of 7 d goes up by one and the number of blocks of 7 r? V b is either constant or goes 

up by one. Since nc( 7 To) — nc( 7 To V b) = nc( 7 p) — nc( 7 p V 6), (nc( 7 Tj) — nc( 7 r? V must be 

constant. This means that at each step the number of blocks of 7 Tj V b must go up by one: 
7 Tj + i € A 6 ( 7 Tj) for any i £ {0,..., I - 1}. □ 

2.3. The matrices of the orders. — In the following, by matrice, we understand a 
triple (/, J, M ) where I, the departure set, and J, the arrival set, are finite sets and M is 
an application from I x J in R. Given (I \, I 2 , M 1 ) and (I 2 , 13 , M 2 ) two matrices, we can 



8 


FRANCK GABRIEL 


multiply them and (ii, I 2 , Mi)(/ 2 , I 3 , M 2 ) = (I\ , Tn M\ M 2 ) where: 

M x M 2 (i,k) = £ M!(i,j)M 2 (j,fc). 
i&h 

Let us consider a finite set / endowed with an order A matrix (. I,I,M ) is lower 
triangular if for any i and i! in /, if M(i, i') f 0 then i! -< i. Let us remark that any matrix 
(/, /, M) which is strictly lower triangular is nilpotent : there exists a positive integer n 
such that M n = 0. Indeed, it is enough to consider n = if I. The matrices that we will 
consider in the following have departure and arrival sets equal to V{X): we will omit to 
specify it in the following. 

Definition 2.7. The matrices of the partial orders < b ,~\ b ,Zl b are: 

— for the geodesic order < b : (■ G b ) PtP ' = 5 p >< bP , 

— for the coarser-compatible order ~\ b : (C b ) p y = 6 p '-\ bp) 

— for the finer-admissible order □&; ( S b ) P:P > = S p i^ bp . 

Let us remark that these matrices are lower triangular when their departure set is en¬ 
dowed with the corresponding order. These matrices satisfy the next important identity. 

Theorem 2.2. — The partial orders <b, and are linked by the following equality: 

G b = C b S b . 

Proof. — Let us consider p and p' in V(X). We have: 

(C b S b ) PtP ' ^ ] &p"-\ b pftp’z\hp" • 
p"ev k 

Thus it is enough to show that p' < b p if and only if there exists p" £ V(X) such that 
p" p and p' 7\ b p" . Besides we need to show that such partition p" is unique: we will 
show that it is equal to p\l p'. 

We have the following equalities: 

df b (p',p) = nc(p V b) — n c(p' V b) + nc(p') — nc (p V p') 

= [nc(p V b) — n c(p V p> V b )] + [nc(p V p' V b) — nc (p' V b) + nc (p') — n c(p V p')\ 

= df b {p V p',p) + df b {p',pV p'). 

Thus, p' < b p if and only if p V pf < b p and p' < b p V pf . Yet, p V p' is coarser than p and 
pf is finer than p V p' . Using Lemma 12.11 we see that p' < b p if and only p\J p' ~\ b p and 
p' □(, p V p' . The proof of the theorem will be completed if we prove that if p" satisfies 
p" Hfo p and pf □& p" then pf < b p and p" = pV pf. 

Let us consider such a partition pf, we have: 

(2) nc(p" V b) = nc(p V b), 

(3) n c(p") — n c{p" V b) = nc(p') — nc (p r V b). 
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Using Lemma 12.11 p' < b p" < b p, thus p' < b p: 

(4) nc(p V p') — nc(p V b) = n^p') — n^p' V b ). 

Thus, we have the following equalities: 

nc(p V p') = nc(p V b) + nc(p') — nc(p' V b) = nc(p V b) + nc(p") — nc(p" V 6) 

= n c(p"), 

where we applied successively the Equations ([41), Q and ©■ Since p" is coarser than p 
and than p' , it is coarser than p V p 7 and thus the last equation implies that p" is equal to 
p V p'. □ 

An other version of 12.21 is given in the following theorem. 

Theorem 2.3. — The partition p' is in [b,p\ if and only there exists p" £ 'P(X) such that 
the two following conditions hold: 

1. p" £ Gl b (p), 

2 . p 1 £ Sp b (p"). 

If so, then p" = p V p'. 

2.4. Hasse diagram of the geodesic order. — Let us consider (T, <) a finite set 
endowed with a partial order. The Hasse diagram of (T, <) is the oriented graph whose 
vertices represent the elements of T: there exists an oriented edge between the vertex which 
represents x to the one which represents y if and only if x is directly smaller than y, which 
means that x < y and there does not exist any z such that x < z < y. 

Theorem 2.f. — The Hasse diagram of (Vx,<b) Is characterized by the following prop¬ 
erty: there exists an oriented edge from p' to p if and only if 

— either p' is directly finer-admissible than p, 

— or p' is directly coarser-admissible than p. 

Proof. — Let p and p' in Vx such that p' is directly smaller than p for < b . Using Theorem 
12.31 and Lemmas o and 12.21 p' < b p V p' and p V p' < b p. Since p' is directly smaller 
than p for < b , p\I p' is equal either to p or p'. Using again Lemma 12.11 either p' Z\ b p or 
p' ~\ b p. If there was a partition p" £ {p,p'} such that p' Z\ b p" Z\ b p, by Lemma [2.11 it 
would contradict the fact that p' is directly smaller than p for < b . The same argument 
holds for ~\ b . Thus p' is either directly finer-admissible or directly coarser-admissible than 

p. □ 

2.5. Mobius function for the geodesic order. — It would be interesting to compute 
the Mobius function of < b which is roughly the inverse of the matrix G b . 

Definition 2.8. — Let I be a finite set endowed with a partial order. Let M be the matrix 
of the order defined as in Definition \2.7\ The Mobius function is the function such that 
for any a and b in I, 


p(a,b) = (M 1 ) 6ia . 
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Let us consider M the matrix used in the last definition. The matrix M can be written 
as Id/ + N with N a matrix which is strictly lower triangular and thus nilpotent. This 
allows us to compute the inverse of M\ 

OO 

(5) M- 1 = (ld I + N)~ 1 = ^2(-l) l N\ 

1=0 

hence Rota-Hall’s formula: 

OO 

(6) M~ l ( x , y) = ^(-1 ) l #Q(x, y ), 

1=0 

where Ci(x,y) is the set of sequences of length l which are strictly decreasing between x 
and y: 

C t (x,y) = {(i 0 ,...,ii),x = i 0 ^ ^k=yfio> ••• > k}- 

Let us remark that the matrix M —1 is lower triangular since N l is lower triangular for any 
integer l. 

Our goal is to compute the Mobius function for {V(X), <b): we need to compute the 
inverse of Gb■ In order to do so, we need the following lemma. 

Lemma 2.3. — Let p, p' and p" be three partitions in V(X). Let us suppose that p 1 Hf, p" 
and p" P, then p" = p A p', where p Ap' is the coarser partition which is finer than p 
and than p'. 

Proof of Lemma \2.3l — Let us consider p, p’ and p", three partitions in Vk which satisfy 
the hypotheses. Using the definitions of and □&: 

(7) nc(p' V b) = n c(p" V b), 

(8) nc(p") — n c(p” V b) = n c(p) — n c(p V b). 

Besides, using Lemma m we know that p’ <b p" and p" <b p. Thus p' <b p. 

(9) nc^) — n c(p' V b) + n c(p V b) — n c(p V p') = 0. 

This allows us to write the following equalities: 

nc (p") = n c{p" V b) + nc(p) — n c(p V b) = nc (p 1 V b) + nc(p) — n c(p V b ) 

= nc(p) + n dj>') — nc(p V p '), 

where we applied successively the Equations ©, ([7]) and ((9|). Thus: 

(10) n c(p") + nc (p V p ) — n c(p) — nc (p') = 0. 

Using the triangle inequality, we know that d(p,pAp') +d(pAp',p') — d(p,p') > 0, which 
is equivalent to: 

(11) r\c(p Ap r ) + nc (p V p') — n c(p) — n c(p f ) > 0. 

Since p" is finer than p' and than p, p" is finer than p A p'\ nc (p A p') < nc (p"). Using 
Equations (tl0]l and m, we get that n c(p") = nc(p A p')\ p" = p A p'. □ 
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We can now compute the inverse of Gb- 
Theorem 2.5. — Let p and p' inV(X). We have: 

(C b )p,p ' ^pAp'ZlbP ^p'HtpAp' Pf(P ^P iP) Pf(P ^P :P)i 

where for any partition p\ and P 2 such that p\ is finer than p 2 : 

nc (pi) 

h f (pi,P2) = (-iy cM ~ nciP2) n ((*-ws 

i=3 

where r t is the number of blocks of p 2 which contains exactly i blocks of p\. 

Proof — Using Theorem 12.21 we know that Gb = CbSb■ Thus Gf l = Sf 1 Cf 1 . Let p and 
p' be two partitions in V(X): 

(GbX P 1 = E ( S b%,A C bX",r'- 

p"&V k 

Since Sb, respectively Cb, is the matrix of the order □{,, respectively ~\b, S^ 1 , respectively 
Cf 1 , is lower triangular for □&, respectively Hj,: for any partitions p\ and p 2 in Vk- 

i^b )pi>P2 = ^P2^bPl(^b )pi>P2> 

(Cb 1 ) P1,P2 — ^P2^bPl(C’b )pi,P2‘ 

Thus: 

(G^W = E (SbXp-iCbX-P- 

p"£Vk | p"ZlbP: P'^bP" 

Using Lemma 12.31 we get that: 

(Cb )p,p' = (&b )p,pAp'(C b )pAp',p'- 

It remains to compute (S^ 1 ) PtP ^ p i and (Cf 1 ) pAp / tP i. For sake of clarity, untill the end of 
the proof, we will forget to specify the base partition b. 

Using Rota-Hall’s formula, given by Equation ©, for any p and p' in V(X): 

oo Vi— 1 

( s_ 1 )„a p . = B-F E nw» 

*=o (po,•••,Pi)eT’ fc |p=po^Pl7 ^ •••7^Pi=pAp , u=o 

Yet, if p/\p' □ p. using Eemark l2.2l for any positive integer i, for any i + 1-tuple (po,...,pi ): 

2—1 2—1 

JJE+lZlp; = JJ<^P!+i<pp 
1=0 1=0 

where < was defined at the beginning of Section [2j Thus: 

oo Vi-1 


(*5 )p,pAp' 3pAp'Z]p ^ 1 ) 


E 


i =0 


(pov>Pi)eT’fc|p=po^pi^--YPi=pAp' \-i=o 


11 ! 


pi+i<pi 
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This implies that: 

)p,pAp' = ^PA p'Z\p( F )p,pAp'i 

where F is the matrix such that for any p\ . p 2 G Vk, F p 1)P2 = S P2 <i pi . The inverse of this 
matrix is given by: 

( F ^)pi,P2 = l*f(P2,Pl), 

for any pi,p 2 G Vk such that P 2 <! p\ and where pj is the Mobius function for < and is 
given in the statement of Theorem 12.51 (see Example 2.9 in [3j). 

Similar arguments allow us to compute the inverse of Cb and to obtain that: 

( F b )pAp',p' = ^p'HpAp' Pf{P hp iP)- 

This allows us to obtain the desired formula for Cjf 1 ■ □ 

Theorem 2.6. The Mobius function for (V(X), <b), denoted by p< b , is given by the 
fact that for any p\ and p 2 in V(X): 

h< b {PUP2) = 5p 1 H 6 p 1 Ap 2 ^PlAp 2 U 6 P2 hfipi A P2,Pl ) Pfipi hP2,P2). 

Let us remark that, as a by-product of the proof of Theorem 12.51 we computed the 
matrices Cff 1 and Sjf 1 , thus we know the Mobius functions for —1^, □ b and <&. 

3. The set Vk and the Kreweras complement 

3.1. Basic facts. — 

3.1.1. Definitions. — Let k be an integer, let us consider 2 k elements which we denote 
by: 1 ,..., k and 1 ',..., k' . 

Definition 3.1. The set of partitions Vk is the set V({1 ,..., k, T,..., A/}). 

If k = 0, then Vk = {0} and nc(0) = 0. Let p be an element of Vk- When we represent 
graphically the partition p. we will consider two rows: k vertices are in the top row, labeled 
by 1 to A; from left to right and k vertices are in the bottom row, labeled from V to k! from 
left to right. An example is given in Figure [2j 



Figure 2. The partition p = {{1, T}, {2'}, {2, 3', 5'}, {3,4,4'}, {5}}. 

There exists a special partition, called the identity, in Vk given by: 

id k = = 1 -k}- 

The diagram of ids is drawn in Figure [3] 
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Figure 3. The partition ids. 


From now on, we will always suppose that the base partition for the orders is id*,. 
Besides, we will omit the index which was used to specify the chosen base partition. Thus, 
using Section [21 we have three new orders on Vk , <, H and □, the notions of admissible 
splits and admissible gluings, three matrices of order G , C and S, and we know the Mobius 
function for each order. 

3.1.2. Irreducible partitions. — We define the cycles of p as the blocks of p V id*.. A 
partition p is irreducible if nc(p Vidfc) = 1. If it is not the case, p is composed. In particular, 
since nc(0 V ido) = 0, the empty partition is composed. We will need a notion of weak 
irreducibility later: this is based on the notions of extraction. 

Let J be a subset of {1,..., k} U {1',..., k'}. Let us denote by J s the symmetrization 
of J: 


J s = J u {j e {l',..., k'}, 3i e J n {l,..., k}, j = i'} u {i e {l,..., k}, % g J}. 

In order to get the extraction of p to J, denoted pj, let us take the complete graph which 
represents p, let us erase all the vertices which are not in J s and all the edges which are 
not between two vertices in J s and at last let us label the remaining vertices from left to 
right. This is the graph of pj. 

Definition 3.2. — The support of p is: 

S ip) = {1, ■ ■ ■ , k} \ {i <E {1,... , k}, {i, i'} G p}. 

The partition p is weakly-irreducible if Ps( p ) is either irreducible or equal to the empty 
partition. 

In particular, the permutation id*, is weakly-irreducible. Let us define a notion of 
exclusive-irreducibility. For any integer k, 0 P is the partition {1,..., k, l 7 ,..., k'}. 

Definition 3.3. — A partition p is exclusive-irreducible if there exists a cycle cq ofp such 
that any other cycle of p is equal to a partition of the form 0;. If the cycle Co is unique, it 
is called the exclusive-support of p and it is denoted by Supp c (p). 

3.2. Special subsets of Vk- — Since we have chosen a special set X = {1 ,...,k} U 
{1',..., k'} and a special base partition, idfc, in order to define the order on Vk, we can state 
further results on < and Sp(p). 
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3.2.1. Definitions. — 

Definition 3-4■ There exist some special subsets ofVk'- 

— T>k, the set of partitions p E Vk which are coarser than id^, 

— Bk, the set of Brauer partitions: these are the partitions p E Vk such that for any 
block s of p, fis = 2 . 

— &k, the set of permutations: these are the partitions p € Vk such that for any block 
s of P, # (s H {1, k}) = ff (s fl {1', k'}) = 1. For any permutation a, seen as a 
bijection from {1 ,.to itself, we can associate the partition a E &k : 

(j = {{i,a(i)'} | i E {1, ...,k}}. 

Remark 3.1. - In this section, we focus on these special subsets, yet, in [4] . we will use 

also the two sets: 

— TLk, the set of partitions p such that for any block s of p, fis E 2N, 

— Bsk, the set of partitions p such that for any block s of p, ffs < 2. 

In Bk and &k some elements are important: the transpositions and the Weyl contrac¬ 
tions. Let i and j be two distinct integers in {1, ...,k}. 

Definition 3.5. The transposition ( i,j ) in &k is: 

The Weyl contraction [ i,j] in Bk is: 



Figure 4. The transposition (1,2) and the Weyl contraction [1,2]. 

Let (1,..., k) be the £:-cycle in &k which sends i on i + 1 for any i E {1,..., k — 1} and 
which sends k on 1. It is natural to consider the restriction of the geodesic order < to the 
two sets [idfc, ( 1 ,..., k)\ fl &k and Vk'. these can be identified as some well known ordered 
sets, repectively the non crossing partitions NC^ and the partitions P^. of k elements. 

Using Theorem 12.11 we see that the restriction of the distance d on &k gives the usual 
Cayley distance on &k (Lemma 6.26 of [9]): the order is thus the usual geodesic order. 
The reader can understand why we used the name of Cayley graph in Definition 12.11 if 
we forget about the partitions not in &k and replace the paths of length two which join 
two elements of &k by edges, we get the Cayley graph of &k- P. Biane ( m , m) showed 
that non-crossing partitions can be described using the geodesic condition in the Cayley 
graph of &k'- they are the elements in the geodesics between the identity and the /c-cycle 
(1, ...,k). We recall that the order < was defined at the beginning of Section [2j 
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Theorem 3.1. The ordered set ([id/;, (1,A:)] fl ©*,, <) is isomorphic to (NC/,, <). 

Let us consider the restriction of < to T>k- 
Theorem 3.2. — The ordered set (T>k,<) is isomorphic to (Pfc,<). 

Proof. — Let p be a partition in T>k- Let us consider the partition in P^ which is 

obtained by considering the restriction of p to { 1 , k}\ if p 1 , ..., p r are the blocks of p, 

0 (p) = {P l n { 1 , k}\i £ { 1 ,r}}. 

It is straightforward to see that the application : "D/. -a P& is a bijection. Let p and p' 
two partitions in Vj.. Let us prove that p' < p if and only if (f>(p') <! 00)- Using Theorem 
El the condition pf < p is equivalent to the fact that p' V p £ GIO) an d p' £ Sp(p V p'). 
But for any p and p' in T>ki GIO) = 0} and p' is always in SpO V p'). Thus, p' < p is 
equivalent to p' V p = p which is equivalent to p' < p. It is easy to see that this condition 
is equivalent to 000 <1 00 )- □ 

Thus, both partitions and non-crossing partitions of k elements can be seen as subset of 
an unique ordered set (Vk, <)• 

3.2.2. No Brauer element is smaller than a permutation. — In the following lemma, we 
show that the geodesics in the Cayley graph of Vk between two permutations either stay 
in the set of permutations or intersect Vk \ Bk- 

Lemma 3.1. - Let a £ &k, then [id*,, cr] fl Bk = [id/,,, a] fl ©/,,. 

Proof. — We do a proof by contradiction. Let S C &k be the set of permutations such that 
[idfc, cr]n Bk 7 ^ [idfe, cr]n 6 fc . Let cr £ S be a permutation such that d(idfc, a) = min d(idk, &')■ 

a '£S 

Let us consider b an element of Bk\&k such that b £ [id*,, cr]n Bk- There exists a geodesic in 
Bk which goes through b and goes from id*, to o. Let b' £ Bk be the unique element on this 
geodesic such that d(id/t, b') = 1 . Let us remark that b £ [b 1 , o]r\Bk- this implies that b' can 
not be a permutation. Indeed, if b' was a permutation, then [ b',o] fl Bk [ 6 , ,<r] fl &k and 
thus, [id/t, 6 , ^ 1 cr] fl Bk 7 ^ [idfc, b'~ 1 o] n© k- Yet d(idfc, = d(b',o) = d(idk,<r) — 1. This 

would contradict the fact that d(idfc, cr) = muvgs d(idfc, o'). Thus b 1 must be an element 
of Bk \ ©fc. Since d(idfe, b') = 1 , there exist i and j in {1 ,..., k} such that V is equal to the 
Weyl contraction [i,j] in Bk- Thus there exist i and j in {1,..., k} such that [i,j\ £ [idfc, cr\. 
Using Theorem 12.31 this means that [i,j\ V cr € Gl(cr): i and j must be in the same cycle 
of cr. We can suppose that cr is a cycle of size k. It is not difficult to see graphically that 
\i. j] V cr = Ok where we recall that 0 k = {1,..., k, 1',..., k 1 }. By Theorem 12.31 \i,j\ £ Sp(Ofc): 
this is not possible since nc(0/,) — nc(0 k V id^) = 0 and nc([L j]) — nc([i,j] V id/,,) = 1. □ 

Remark 3.2. — The same result holds if one replaces Bk by Bsk ■ 
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3.2.3. Admissible splittings. — We will consider the interaction between Brauer elements 
and the notion of admissible splitting. 

Lemma 3.2. — Let p G Vk, the set Sp(p)nBk is either empty or has exactly one element. 
In particular, for any p G Bk, Sp(p) = {p}. 

In order to prove this lemma, an important remark is to see that no partition p G Bk 
has a pivotal block. Indeed, let us suppose that a partition p G Bk has a pivotal block that 
we will denote by c. We can always suppose that p is irreducible. Since we can shuffle 
the columns of p and take the transpose of p, we can always suppose that c is of the form 
{i, (i + 1)'} or {i,i + 1}. We can also suppose that when one cuts the block c, the new 
partition we get has the form p\ ® p 2 where the notion of tensor product is defined in the 
next section and where p\ G Vi . The partition p\ must be composed of blocks of size two 
except one block which is equal to {?'}. This is not possible since p\ must be a partition of 
2 i elements. 

Proof. — Let us consider a partition p G Vk and let b G Bk such that b G Sp (p). We can 
suppose that p is irreducible. Let us denote by C( 6 ) the set of cycles of b. By reversing the 
orientation of the paths of admissible splittings from p to b, we get a path of gluings which 
goes from b to p and we see that there exists: 

1. a covering tree of the graph (C( 6 ), C (b) x C( 6 )) which set of edges is denoted by E, 

2. for any edge (c, c') G E, a couple {i c , v) such that i c Gc and i c > G V , 

such that p = 6 V ({{z c , v}|(c, c') G £l}LJ{{z}|z ^ U( CiC ')g.e{Lh v}})- Using this equality, we 
see that the only admissible splittings that we can do is to cut the gluings between blocks 
of b: the only other possibility would be to cut a block of b but b does not have pivotal 
block, this splitting is not admissible. Thus, Sp (p) = { 6 }. □ 

This last lemma leads us to the following definition. 

Definition 3.6. — For any positive integer k, we define: 

6 k = {p^Vk | # (Sp(p) n 6 k ) = 1}, 

Bk = {p G Vk | # (Sp (p) n Bk) = 1}. 

For any p G Bk, we denote by Mb(p) the unique element in Sp(p) D Bk- 
The Figure [5] gives an example of partition p in &k- 



Figure 5. A partition p such that Mb(p) = (1,2,3)(4,5)(6, 7,8). 
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3.3. More structures on Vk~ — Using the fact that {1, k} U {l 7 , k'} is a disjoint 
union of two sets of equal cardinal, one can define operations that one could not on the 
general set V(X). The reference article for this section and the partition algebra is the 
article [7] of T.Halverson and A.Ram. 

Let k and l be two non negative integers, and let p £ Vk and p' £ Vi- Let us give some 
notions that one can define using a graphical construction: in each construction, the choice 
of the diagrams which represent the partitions does not matter. 

Tensor product: Let us consider two diagrams: one associated with p , another with 
p' . Let p®p' be the partition in Vk+i associated with the diagram where one has put 
the diagram associated with p on the left of the diagram associated with p'. 

Transposition: The transposition of p , denoted by t p, is the partition obtained by 
permuting the role of {1,..., A:} and {1',..., k'}. For example if k = 3, let p = 
{{1,1', 3'}, {2,3}, {2'}}, then *p = {{1', 1, 3}, {2', 3'}, {2}}. For every diagram asso¬ 
ciated with p, the diagram obtained by flipping it according to a horizontal axis is a 
diagram associated with t p. 

Multiplication o: Let us suppose that k = l. Let us put one diagram representing 
p' above one diagram representing p. Let us identify the lower vertices of p' with 
the upper vertices of p. We obtain a graph with vertices on three levels, then erase 
the vertices in the middle row, keeping the edges obtained by concatenation of edges 
passing through the deleted vertices. Any connected component entirely included 
in the middle row is then removed. Let us denote by n(p. //) the number of such 
connected components. We obtain an other diagram associated with a partition 
denoted by p op'. An example is given in Figure [6l 




Partition p± o p 2 . 


Number of erased loops: n(p,p') was defined when we defined the multiplication 
pop'. It will be an important number in order to define other multiplications on 
partitions. 

We can extend these operations on C["Pfc] by linearity or bi-linearity. Before we define a 
modification of o, let us make some remarks on this product. The sets Bk and &k are stable 
by this concatenation operation. Recall that any permutation a £ 6k can be seen as a 
bijection from {1,..., k} to itself. For any permutations o\ and 02 , the bijection associated 
with or o (7 2 is the composition of the two bijections associated with a\ and do. Besides, 
the sub-algebra C[©fc] is not only stable for the o operation: it also satisfies the following 
property which can be easily proved. 
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Lemma 3.3. — Let p and p' be in Vk, if p op' G &k then p and p' are in ©&. 

Besides, for any partition a £ 6 k and any p € Vk, n(a,p) = n(p, a) = 0. Let us remark 
that idfc is a right and left neutral element for o. At last, as a consequence of Lemma 13.31 
since idfc £ &k, the only invertible elements of Vk are the permutations. The inverse of 
a permutation a is a -1 = t a. We can now recall the definition of the partition algebra 
C [V k (N)}. From now on, IV is a positive integer. 

Definition 3.7. The partition algebra C [7\.(IV)] is the associative algebra over C with 
basis Vk endowed with the multiplication defined by: 

V pi, p 2 £ V k , P 1 P 2 = N^ PuP2 \pi ops). 

3.4. Partitions and representation. — In this section, we recall a natural action of 
the partition algebra on (C N )® k (for more explanations, [7j of T.Halverson and A.Ram). 
This action will be useful in order to translate combinatorial properties into linear algebraic 
properties. 

Definition 3.8. - For any p £ Vk and any k-uples (*i ,... ,ik) and {iy,... ,ik') of ele¬ 

ments of {1,..., IV}, we set: 

{ 1, if for any two elements r and s £ {1,..., A;} U {1',..., k'} which 
are in the same block of p, one has i r = i s , 

0, otherwise. 

We can now define the action of the partition algebra C[Vk(N)\ on (C N ^ k . Let 
(ei,..., ejv) be the canonical basis of C^. 

Definition 3.9. The action of the partition algebra C[Vk{N)\ on {C N ^ k is defined by 
the fact that for any p £ Vk, for any {i\,... ,ik) £ {1 ,..., N} k : 

p.{e h 8> ■ ■ ■ ® e ik ) = Y p ho-% e h' ® ‘ ‘ ® e v ■ 

(v,...,v)e{ i,...,Af} fe 

This action defines a representation of the partition algebra C[Vk{N)] on (C N ^® k which 
we denote by pn- 

p N : C[V k (N)] ^ End ((C N f k y 

Let us define E\ be the matrix which sends ej on e* and any other element of the canonical 
basis on 0. Let p be a partition in Vk- We can write the matrix of Pn(p) in the basis 

( e u 8> • • • 8> e uJ(ii)f =1 e{i,...,Af}A : 

(12) PN (p)= y 
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For example, if p is the transposition (1,2), then: 

N 

Pn(( 1,2)) = ^ Ea®E a h . 

a, 6=1 

We think that this presentation allows us to understand, in an easier way, the representation 
PN. In Figure [TJ we illustrate how to find the partition which representation is given by a 
sum of the form ()12l) . The partition pi used in Figure [7] is the partition drawn in Figure [2j 



Figure 7. £ iliiaij3ii4ii5 ££ ® E% ® E* ® E% ® ^ = Pn(p). 

Let us remark that the natural action of C [Pk(N)] on (C^) 8 ^' behaves well under the 
operation of tensor product: 

Pn(p <8> p') = Pn{p) ®Pn(p')- 

Let us suppose that N > 2k. Using Theorem 3.6 in [T], the application pjy is injective. 
Actually, if one considers only its restriction to the symmetric algebra or the Brauer algebra, 
it is enough to ask for N > k. For N = k — 1 this result does not hold, this is a consequence 
of the Mandelstam’s identity which asserts that: 

Y e(o-)p fc _i(cr) = 0, 

where e(a) is the signature of a. In the following, we will often need that pjy is injective, 
yet, for a sake of clarity, since we are concerned mainly with asymptotics when N goes to 
infinity, we will ommit to specify each time that N must be greater than 2k or k. 

3.5. The trace on Vk- — Let N be a positive integer. Depending on the context, we 
will consider a partition either as an element of Vk or as an element of End ^(C^) 8 ^ via 
the action defined in Definition 1 3.9 1 We remind the reader that (ei,..., ejv) is the canonical 
base of C N . The family {e^ (g> • • • <2> ej fc , (i\, ..., ik) G {1,..., N} k } is a basis of (C^) 8 ^ : 
let Tr fc be the trace with respect to this canonical basis. We do not renormalize it, thus 
Tr* (w (c », — N k . Wg C 3-I1 define the trnce of n partition. 

Definition 3.10. — Let p be a partition in Vk • We define: 

Tr N (p) = Tr k (p N (p)). 

For any integer N, we extend Tr^r by linearity to C["Pfc(IV)]. 
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When N is explicit, we will only denote Trjy by Tr. The trace allows us to go from 
combinatorics arguments to linear algebra arguments since we have the following lemma. 

Lemma 3.4■ — Let p be a partition in V^: 

(13) Trjv(p) = jV nc(pVidfc) . 

A generalisation of Equation (1131) is that for any partitions p and p' , seen as elements of 

C[Pk(N)], 

(14) Tiqv(p V) = A rnc *- pVp ^. 

This equation will be used quite intensively. It is a consequence of Equation (fl3l) and the 
combinatorial equality: 

(15) nc((p o V) V idfc) + k(p, V) = n c(p V p'), 

which can be understood by flipping the diagram of *p over the one of p'\ the flip transposes 
l p thus we get the two diagrams of p and p' one over the other. By definition, the diagram 
constructed by putting a diagram representing p' over one representing p is associated with 
p V p'. But any block of this diagram either comes from a cycle of p o f p' or from a loop 
that we erased while doing the product p of)'. 

3.6. The exclusive basis of C[Pk}. — The basis used to define the partition algebra 
C[Vk{N )] is quite natural, yet, it is not always very easy to work with. Indeed, if we look 

' 7 } 

at the representation p N k of a partition, we see that the condition we used to define the 
delta function is not exclusive. It means that we did not use the following exclusive delta 
function: 

{ 1, if for any two elements r and s € {1, ...,&} U {1',..., k 1 }, 
i r = i s if and only if r and s are in the same block of p , 

0 , otherwise. 

By changing, in Definition 13.91 the delta function defined in Definition 13.81 by this new 
exclusive delta function, we define a new function: 

p N : C[V k (N)\ -A End ((C*)®*) . 

Does it exist, for any partition p € Vk an element p c E C["Pfc] such that for any integer 
N, p^ k (p c ) = ? The answer is given by the following definition, as explained by 

Equation (2.3) of [T|. 

Definition 3.11. The exclusive partition basis, denoted by ( p c ) p£ -p k , is the unique fam¬ 
ily of elements in C [Pk\ defined by the relation: 

p = Yl p,c ■ 

p<p' 
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The notion of being coarser defines a partial order on V k '- the relation can be inverted. 
The family (p c ) p& 'p k is well defined and it is a basis of the partition algebra C [P k ]. It 
satisfies that for any partition p £ V k , 

Pn{p c ) = Pn(p)- 

3.7. Geodesics and tensor product. — The following property, known for &k and 
B k , is still true for V k - a geodesic between id*, and p\ ®p 2 must be the tensor product of 
a geodesic between id& and p\ and a geodesic between id*, and p 2 - 

Proposition 3.1. — Let k and l be two positive integers. Let p\ £ Vk and p 2 £ Vi . For 
any p’ £ Vk+i such that p’ <p\®P 2 , there exist p\ < p\ and p' 2 < P 2 such that p' = p\ ®p' 2 - 

Proof. — Let us suppose that p' < pi®P 2 - Using Theorem l2.3l p' V (pi®P 2 ) is an admissible 
gluing of pi ®p 2 - This proves that there exist p\ £ Vk and p' 2 £ Vi such that p' = p' k ®p' 2 . 
Since: 

df (pi ®p' 2 ,Pi ®P-2) = df {p\ ■ p \) + df (p' 2 ,P2), 

we get that p' ± < p\ and p 2 < P 2 - □ 

We have seen the consequences that p' < p\ <S> P 2 - What are the consequences that 
Pi ® P 2 < p 1 ’■ We will answer this question only when p\ ® p 2 is finer than p'. This case 
is important in the theory of random matrices which are invariant in law by conjugation 
by the symmetric group (S3, S3)- In order to answer, we need to introducte the notions 
of left- and right-parts of a partition p. Let k\ and /c 2 be two positive integers and recall 
the notion of extraction that we defined before Definition 13.21 

Definition 3.12. — Let p £ V] Cl +k 2 > we denote by p l ki the extraction of p to {1,..., fci} 
and p r ki the extraction of p to {k\ + 1,..., k\ + L 2 }. The left-part of p, namely p l ki , is in Vk x 
and the right-part of p, namely p r k2 , is in Vk 2 ■ 

Proposition 3.2. — Let k\ and ^2 be two positive integers and let k = k\ + ^ 2 - Let p be 
an element of Vk ■ Let p\ and P 2 be respectively in Vk x and Vk 2 such that p\ (g> P 2 is finer 
than p. Then: 

(16) df(pi ®P2,p) = df(pi,p l kl )+df(p2,p r kl )+df(p l kl ®p kl ,p). 

In particular, we have equivalence between: 

1 . pi ®P2 □ p, 

2 . pi □ p l ki , p 2 □ p r kl and p l ki ® p r ki □ p. 

Proof — The Equation (1161) can be proved by a simple calculation, using the fact that 
Pi ®P 2 is finer than p and the fact that for any partition u and v, respectively in V kl and 

Tk 2 , 

nc(u (g) v) = nc(u) + nc(u), 
nc((u <g v) V idfc) = nc(u V id^) + nc(u V idfc 2 ). 

The equivalences are consequences of Equation (1161) and Lemma 12.11 □ 
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3.8. The Kreweras complement for V k . — Let us consider a and a' two permutations 
in & k . Since d is a distance: 

d( idfc, cr) < d(id fc , a') + d(a', a). 

Any permutation has an inverse and the restriction of d to ©fc is invariant by left or right 
multiplication by a permutation. The last inequality is then equivalent to: 

(17) d(id k ,a) < d(idfc, cr') + d(idfc, 

Thus o’ < a if and only if there exists d such that cr = a’d and d(id k ,a) = d(id k ,a') + 
d(id kl d). We recall that d is then unique and it is called the Kreweras complement of o' 
in a, denoted in this article K &(&') ( m , EES)- In general, any partition does not have 
any inverse. It is natural to wonder if an inequality of the form (|17D holds and if so, it is 
natural to wonder if we can use it to define a Kreweras complement. The answer to the 
first question is given by the following theorem. 

3.8.1. A new inequality. — Let p and p' be two partitions in V k , 


Theorem 3.3. 


We have 


CISA At-A !\ s' At-A \ , Af A k + nC (P ° P') ~ UC (p) ~ nC (P') ( /\ 

(18) dl\d k ,pop ) < d(id k ,p) + d(id k ,p )--- n(p,p )• 

As we did for the triangular inequality, we define a new defect. 

Definition 3.13. The defect p{p,p') is: 

r](p,p ) = d{id k ,p) + d(id k ,p ) - d(\d k ,pop )--- n(p,p ). 

Using a simple calculation, we can give an other form to the ^-defect. 

Lemma 3.5. — For any p and p 1 in V k , rj(p,p') is equal to: 

(19) nc(p) — nc(p V idfc) + n c(p') — n dj>' V idfc) — nc{pop') + nc(p o p' V idfc) — n(p,p'). 
For now, we do not know if rj{p,p') > 0 but we can express i](p,p') using the defect for 

<. 


Theorem 3.4■ — Let po, pi and p 2 be three partitions in V k , the following quantities are 
equal: 

1 . df(pi op 2 ,p 0 ) +rj{pi,p 2 ), 

2. df(pi,po) +df(p 2 , t pi °Po), 

3. df(p!,p 0 o t p 2 ) + df(p 2 ,po), 

4. df(pi ®p 2 ,(po®id k )r), 
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where t is the permutation in & 2k equal to (1, k + 1)(2, k + 2)...{k, 2k). In particular, taking 
Po = Pi <8p2- 

v(.Pi,P2) = df(pi,Pi o p 2 ) + df(p 2 ) t P\ °Pi °P 2 ) 

= df(pi,pi op 2 o t p 2 ) + df(p 2 ,pi op 2 ) 

= df(pi <g )p 2 , ((pi o p 2 ) (8) id fc )r). 

Proof. — The proof is done by doing calculations and using intensively the Equation (1141) . 
From now on, we will take the following convention: the o and <8> operations are done first 
before any V operation, thus p\ o p 2 V P 3 (g) P 4 stands for (pi o p 2 ) V (p 3 <8 p/f). 

Let us expand df(pi °P 2 ,Po) + p{pi,P 2 )- Using Equations JT]) and (fT9l) . df(pi op 2 ,p 0 ) + 
ri(pi,p 2 ) is equal to: 

nc(pi) - nc(pi V id*;) + nc(p 2 ) - nc(p 2 V id fc ) + nc(p 0 V id k ) 

- nc(pi op 2 Vp 0 ) - K(pi,p 2 ). 

In a similar way df(pi,po) + df (p 2 , t pi o p 0 ) is equal to: 

nc(pi) - nc(pi V id fc ) + nc(p 2 ) - nc(p 2 V id fc ) + nc(p 0 V id fc ) 

- nc(pi V po) - nc(p 2 V *pi ° Po) + nc( f pi o p 0 V id fc ). 

For df(pi,p 0 o t p 2 ) + df(p 2 ,p 0 ), we get: 

nc(px) - nc(pi V id fc ) + nc(p 2 ) - nc(p 2 V id fc ) + nc(p 0 V id fc ) 

- nc(pi V po o t p 2 ) + nc(p 0 o *p 2 V id fc ) - nc(p 2 V p 0 ). 

For df(pi <g>P 2 , (po <E> idfc)r), we get: 

nc(pi <8 p 2 ) - nc(pi ( 8 ) p 2 V id 2fc ) - nc(pi <8 p 2 V (p 0 <8 id fc )r) + nc((p 0 <8 id fc )r V id 2fc ), 

but nc(pi <8 P 2 ) = nc(pi) + nc(p 2 ), nc(pi <8 P 2 V id 2 fc) = nc(pi V idfc) + nc(p 2 V idfc) and 
nc((p 0 <8 idfc)r V id 2 fc) = nc(p 0 V idfc). Thus, df(pi < 8 p 2 , (po <S> idfc)r), is equal to: 

nc(pi) - nc(pi V idfc) + nc(p 2 ) - nc(p 2 V id fc ) + nc(p 0 V id fe ) 

- nc(pi < 8 p 2 V (p 0 (8 idfc)r). 

The first lines are all equal, thus it remains to prove that the following numbers are 
equal: 

1. —nc(pi op 2 Vp 0 ) - «(pi,p 2 ), 

2. — nc(pi V po) - nc(p 2 V l pi o p 0 ) + nc(*pi ° Po V id fc ), 

3. — nc(pi V po o t p 2 ) + nc(p 0 o V 2 V id fe ) - nc(p 2 V p 0 ), 

4. — nc(pi <8 P 2 V (p 0 (8 idfcjr). 

Let us prove that the first one and the second one are equal. The idea is to use Equation 
(fTD) and the fact that we need to prove: 

jync(piVpo)+nc(p2V t piop 0 ) _ ^ync(piop2Vpo)+K(pi,P2)+nc( t piop 0 Vid fe ) 
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We have: 

Ar nc( Pl v P o)+nc(p 2 v t p 1 o Po ) = Tr ( pi ^ 0 )Tr(p 2 (Vo ° Pi)) 

= Tr(pi Vo)Tr((Vo °Pi) ° p 2 )N K< ' Pl ’ P2) 

= Tr(Vo Pi)Tr(Vo ° (pi ° p 2 ))N K{pi ' P2) 

= Tr(Vo op^jV^’^Tifpo o (pi o P2 ))iV K (pi-P2) 

= Tr(Vo °Pi)Tr(Vo(pi o P 2 ))N^ 1 ^ 

= jV" c (V °P0Vidfc) jy nc(piop 2 Vp 0 ) jy«(pi ,p 2 ) , 

which allows us to conclude. In order to prove that the third element is equal to the first 
one, the proof is similar. Let us show that the first and the forth are equal: 

N nc( Pl ® P 2 V( P o®id k )T) = Tr((pi 0p2 ) *(( po g, idfc ) r )) 

= Tr(pip 2 Vo) 

= N K ( pi ' P2 ^Tr((pi op 2 ) Vo) 

_ jyK(pi,p 2 ) + nc(piop 2 Vpo) 

This concludes the proof. □ 

This theorem allows us to prove Inequality (11811 : since the defect df is always non nega¬ 
tive, 7 ] which is a sum of two defects for < is also non negative. In the first place, Inequality 
(fTHl) was obtained as a consequence of the triangle inequality for d and an inequality be¬ 
tween d(p,pop') and d(\&kiP') given by the following proposition. This inequality generalize 
the invariance of the restiction of d to & k by left or right multiplication by a permutation. 


Proposition 3.3. — Let p and p' in Vk, we have the following inequality: 


d{p,pop') < d(id k ,p') - 


k + n c(p op') — nc(p) — nc(p') 


- «(p,p')- 


Proof. — It is a consequence of the triangle inequality: 

(20) d{p® id k, (( pop ) ® id*,) r) < dip ® id k,P®p') + d (p®p, (( pop ') ® id*,) r) . 
and computations similar to what we did in order to prove Theorem 13.41 □ 


3.8.2. The Kreweras complement. — 

Definition 3.If. — Let p and p' be two elements ofVk- We will say that p' is an admis¬ 
sible prefixe of p if and only if: 

1. there exists p" such that p = p' op", 

2. we have the equality: 

k + nc(p) — nc(p') — ncV") 


d{id k ,p) = di\d k ,p) + d(\d k ,p") 


2 
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It p' is an admissible prefixe of p, we write p' -4 p and the set of p" which satisfy 1. and 2. 
is called the Kreweras complement of p' inp. We denote it K P (p'). 

If p' -4 p does not hold, the Kreweras complement of p' in p is set to be equal to 0. 
Now, let us suppose that p 1 -4 p. The set K p (p') is not empty but in general it is not 
reduced to a unique partition. For example, one can show that if p' = {{1,2, l 7 , 2 , }| and 
P = {{i'^'M 1 }^ 2 }} th en: 

K„(p') = {{{1}. {2}, {!'}, {2 '}}, {{1}, {2}, {1', 2'}}} . 

Let us remark that for any o G 6 k , {o' G 6 k , o' -4 o} = [idfc, a] H & k . This is due to the 
fact that n(o, o') = 0 for any couple of permutations, the fact that nc is constant on the set 
of permutations and the fact that any permutation is invertible. Using similar arguments 
and Lemma 13.31 one can have the better result. 

Lemma 3.6. - Let o G & k : 

{p eV k ,p -< o} = [idfc, o] n <5 k . 

Besides, for any p G V k , {o G & k , o -4 p} = [id^, _p] n 6 k . 

We have seen, in Theorem 13.11 that the poset of non-crossing partitions over {1,... , k} 
is isomorphic to ([id^, (1,..., k )] PI & k , <). From now on, we will consider any non-crossing 
partition over {1,..., k} as an element of [id*,, (1,.., k )] D 6 k . Our notion generalizes the 
usual notion of Kreweras complement since for any o G [id, (1,..., k)] n 6 k , K ( lj ... jk )( cr ) i s 
the Kreweras complement of the non-crossing partition corresponding to o. In the general 
case, as a direct consequence of the definitions and Theorem 13.41 we get the following 
theorem. 

Theorem 3.5. - Let po, p\ and p 2 be three partitions in V k . The following assertions 

are equivalent: 

1. piop 2 < p 0 and p 2 G K piop2 (pi), 

2 - Pi < Po and p 2 <Vi °Po- 

3. pi < po ° t p 2 and P 2 <Po, 

4. pi®p 2 < (Po © id k )r. 

Thus, by specifying Po = Pi ° P 2 , we have the equivalences: 

1- P2 € K plop2 (pi), 

2 . Pi < Pi o p 2 and p 2 < l p\ opiop 2 , 

3. Pi <Pi°P 2 ° l P 2 and p 2 < pi op 2 . 

4. Pi®P2< (pi 0 P 2 ® idfc)r. 

3.8.3. The order -4. — In the previous section, we have defined a relation -4 that we are 
going to study a little in this section. As explained in the beginning of Section 13.81 -4 and 
< are equivalent when we restrict them to & k . In general, we have the following result. 

Proposition 3-4- — For any partitions p and p' in V k , p' -< p implies that p' < p. 
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Proof. — Indeed, if p' -< p, there exists p" such that p = p' op" and p" G K p / 0 P "{p'). The 
result is then a consequence of Theorem 13.51 □ 

This will allow us to prove the following result. 

Theorem 3.6. - The relation -< defines a new order on Vk- 

Proof. — The fact that -< is reflexive is due to the fact that for any p, p can be decomposed 
as p o id*,: using the fact that k(j>, id*,) = 0, we see that p' is a admissible prefixe of p. The 
antisymmetry is a consequence of Proposition 13.41 and the antisymmetry of <. It remains 
to prove the transitivity which is proved in the upcoming Proposition 15.31 At last, we can 
see that -< is not equal to < since it is easy to find some p and p' in Vk such that p' < p 
but p can not be decomposed as p o p". □ 

Let us state a consequence of Proposition 13.41 the factorization property for 

Lemma 3. 7. — Let k and l be two positive integers. Let p\ G Vk and p 2 G Vi. For any 
p' G Vk+i such that p' -< p\ <8> P 2 , there exist p[ -< p\ and p' 2 -< P 2 such that p' = p' x <8> p' 2 . 

Proof. — It is a consequence of Proposition 13.41 and the factorization property for the 
geodesics stated in Proposition 13. II □ 


4 . Structures on (0^ o Cf'Pfc])* 

Using the definitions of <, -< and the Kreweras complement, we can define some new 
structure on (©“ C[Pk])* which have a similar flavor than the structures constructed in 
m for linear forms on permutations. Let us remark that we have the canonical isomor¬ 
phisms: 

( oo \ * oo oo 

©mi 

k =o / k=o k =o 

Thus, the structures we are going to define on (®^L 0 C(Pk])* can also be seen on the two 
other spaces. 

Remark 4-1■ - It is important to notice, when reading this section, that most of the 
definitions or notions and results (in fact all except the one about characters, infinitesimal 
characters and S-convolutions) can be restricted to the space of linear forms (C[Pk])*: this 
will be useful in Section 0 

4 . 1 . Some transformations. — 

Definition 4-1 ■ The M-transform is the application Ai : (®/^Lo "4► 

(©r=oCra* su °h ^at for any (f G (©^L 0 ^[Pk])* > an V k and any p G Vk'- 

(21) = XI M)- 

P'<P 
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Let us consider a positive integer k. The application Ad can be restricted to the space 
(C [Pk])* seen as a subspace of (©/*L 0 ^[©D*- But the space (C['P/ 0 ])* is isomorphic to 
C[Pk] or C Vk . The Ad-transform induces an application on C© which is only the multipli¬ 
cation by the matrix G of the geodesic order <. Since G = CS (Theorem 12.2p . it is natural 
to consider the Ad ^-transform (resp. the Ad''^-transform) which is defined in the same 
way as Ad but using the order □ (resp. H) in Equation (l2TTl . The equation G = CS then 
implies the following equality: 

(22) Ad = Ad c ^Ad© 

Since G is invertible, the Ad-transform is a bijection: we can consider its inverse. 
Definition 4.2. — The IZ-transform is the inverse of the M-transform: 1Z = Ad© 


4.2. Convolutions. — In this section, we will only consider the subspace of linear forms 
which are invariant by the action of the permutations, namely ((©^q , which is 

equal to: 



^C[Pfc]j | Vfc <E N,Vcr E &k,Vp S Vk,(t>{cr opo a X ) = </©) 


k =o 


or 

oo 

©cpye k \ 

k =0 

where Vk/Gk = {{u o p o o~ 1 , o E &k},P £ ©}• We do so since it allows us to clarify the 
explanations, but the same results hold for the general space (©^o^I©])* by slightly 
changing the definitions. From now on, p is a partition and p or [p] are the orbit of p in 
Vk/Gk- 

Let us remark that ©fcL 0 Cf'Pfc/Sfc] can be endowed with the multiplication given by 
([p], \p']) —>• \p®p’]. This multiplication, that we denote also by <8>, does not depend of the 
choice or the representant of the orbits and its neutral element is given by {0}. Besides, 
the Ad, 1Z, M^ c and Ad c ^ are invariant by the action of the symmetric group: they are 
well defined on (©^© 0 C[7^A:/©fc])*- 



4-2.1. Additive structure. - 


Definition 4-3. — Let p he in Vk/Gk- We can suppose that p has the form p\® ... ® p r 
with pi an irreducible partition for any i E {1, ...,r}. We define: 


a b (p)= £ [(®ie/Pi)] ® [®i£iPi] e ® C [Pk/6 k ] ® ©C [P k /6 k 




0 


\k =0 


We extend by linearity Ag to ©^ 0 C[Pk/&k] : 

OO / OO \ / oo 

Affl : ® C[Vk/6 k ] -A © C[Vk/G k ] <g> © C[P k /&k] 
k= 0 Vfc=0 / \fc=0 
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Proposition 4-1- ~ Let eg be the linear form on ©^L 0 C [Pk/&k\ wich sends p on <5 p= {0}: 
(©/*Lo < L-['Pk/&k]i 0, 0, Ag, eg) is a graded connected Hopf algebra. 

Proof. — It is easy to see that (©/*L 0 CfPfc/©® 0, {0}, Ag, eg) is an associative and 
co-associative bi-algebra. Besides, if p is a partition in Vk, we define dg(p) = k: 
©^p C [Vk/&k] becomes a graded bi-algebra which is connected. Thus it is a graded 
connected Hopf algebra. □ 

Definition 4-4- Lhe convolution of <fi and f >2 in (©^Lo ^[Vk/Gk])* is given by: 

<t>i 53 (j)2 = (4>1 0 02)A ffi . 

Let us remark that eg is the neutral element for 03. 

4-2.2. Multiplicative structure. — 

Definition 4-5. — Let p be in Vk/&k■ We define: 

M 0 [P 2 ] e ( 

Pl °P2 =P,P2 € K P1 (pi op 2 ) 

We extend by linearity A^ to ©^L 0 C[Pk/Gk]: 

( oo \ / oo 

©C[7V6 fc ] ® ®C[iP fc /6 fc ] 

k=0 / \k =o 

In the following proposition, we use the notation that ido = 0 

Proposition 4-2. — Let be the linear form on ©)*L 0 C[Vk/&k] wich sends, for any 
k G N, idfc on 1, and any other partition p on 0: (©^ 0 Cf'Pfc/Sfc], 0,0, Ag|, e^) is an 
(associative, co-associative) bi-algebra. 

Proof. — The two main problems are to prove the fact that A^ is a morphism and that 
it is co-associative. The other facts can be verified easily. 

Let pi and p 2 be two partitions. We need to show that: 

Ab([pi] 0 \p2\) = Ah([pi]) 0 A K ([p 2 ])- 

This is a direct consequence of Lemma 13.71 

For the co-associativity, we need to prove that: 

(23) (A^i 0 id)Ag| = (id 0 A^)Ab¬ 

using the definitions, if p € L\.: 

(Ae 0 id)A K ([p]) = X [pi] 0 \p2\ 0 bs]- 

Pl ,P2 ,P3G'Pfc \pi °P20p3=p,p3 € K P10P2 op 3 (pi °P2 ) ,P2 6 K pi 0 p 2 (pi) 



Aia(p) = XI 


©CPV©*1 0 ® C[Vk/6 k ] 


k =0 


\k =0 
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Using the upcoming Equation (1551) . 

(A H ®id)A H ([p]) = ^ [Pi\ ® [P 2 ] ® \P3\, 

Pi ,P2 ,P3 ePfc |pi op 2 °P3 =P,P 2 °P3 G K P1 0 P 2 0P3 (pi) ,p 3 G Kp 2 op 3 (p 2 ) 


hence Equation (1251) . □ 

It is easy to see that (©^= 0 <S>, 0, A^, e® is not a Hopf algebra: the antipode 

does not exist. 

Definition 4-6. - The convolution of fi and <f 2 in (©® 0 C^Pfe/S®* given by: 

fa e fa = (fa ® fa)A®. 

Let us remark that e® is the neutral element for IEI. We will need to understand the 
action of the Ad-transform on the E-convolution. This is given by the following proposition. 

Proposition 4-3. — Let fa and fa in (©® 0 CfP®©®*: 

(24) M(fa E fa) = M(fa) E™ fa = fa Wf M(fa), 

where E™ and E™ are the convolutions associated with A^m and A^ given by: 

A ®™(p) = ^[p°V 1 ] <8> [pi], A m ™(p) = ^2 bi] ® [Vi °P\- 

pi<p pi<p 

Proof. — Actually, it is easier to prove the same equations in the setting of (©® 0 ( C[T > /,:])*- 
where E, E™ and E™ are defined similarly except that we do not use the brakets [ ]. The 
special case of (©/do CfPfc/S®* is then a consequence. 

Let k be an integer. For any p G Pt, we denote by p* the linear form which gives the 
coordinate on p. By bi-linearity, we only need to prove Equation (1241) for fa = p* and 
fa = p* 2 where p\ and P 2 are two partitions in Vk■ In this case, Equation (124|) boils down 
to the fact that for any po € Pfc: 

^piop 2 <po^p 2 GK pi op 2 (Pl) = °Pl<P 0 ^P 2 < *pi°po 

and 

^Pl°P2<P0^P2GKp lO p 2 (pi) — 'Vl<P0° t P2^P2<P0- 

These Equalities are consequences of Theorem 13.51 □ 


4.3. Characters, infinitesimal characters and moment maps. 
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4-3.1. Character and infinitesimal characters. — 

Definition 4 .I. - A character of ^^ =0 C[V k /& k ] is a element of (®(*L 0 T4\P k /&k\)* 

such that: 

1. m = 1, 

2. for any pi and p 2 in V k /6 k , 0(Pi ® P 2 ) = 0(pi)0(P2)- 
The set of characters is denoted by X[P], 

Notation 4-1. -In the following, the results hold either for S3 or IEI. This leads us to 
use the following notation: by □, we denote either EH or IE. 

Proposition 4-4- The set of characters is stable by □. 

Proof. — Let <f>\ and 0 2 be two characters. Let k\ and k 2 be two integers, let us consider 
two elements p\ and p 2 , respectively in V kl and P k2 ■ Let us remark that (g) is used for two 
different notations: as an inner law for ®^ 0 C[P k /6 k ] and as the tensor product of two 
elements of ®^L 0 C [V k /&k\ seen as an element of (®^L 0 C[V k /6 k ]) <8> (®^ 0 C[Pfc/6fc]). 
For sake of clarity, the tensor product in the latter sense will be denoted by 
Using the definitions and the fact that Ah is a morphism for (g>: 

01 □ 0 2 (pi <g> p 2 ) = Oi (^) </> 2 )Ah(pi ® p 2 ) = (0i (^) 0 2 ) [A 0 (pi) (g) An(p 2 )] . 

Let us use the Sweedler notations: A 0 (pi) = f^P^ © Pi* an d A 0 (p 2 ) = ffiP^ ® P^ ■ 
Then: 


[An(pi) <g> An(p 2 )] = ((f>i(£)<fo) [X^ ®P2 1} )(H)^i 2) ®P2 ] ) 

= ^2Mpi ] ®p?)fa(p? ®p (2) ) 

= X Mpi^Mp^^Mpi^Mp^) 

= (X] fa (Pl^fa (P? )) (X fa (P2 ] )fa (P2 ] )) 

= (01 □ 0 2 (pi))(01 □ 0 2 (P2)), 

where, in the third equality, we used the multiplicativity property of 0i and 0 2 . □ 

After this proposition, it is natural to study semi-groups of elements in X[P] and to 
study the set of generators of these semi-groups. 

Definition 4-8. The set of □-infinitesimal characters is the subset o/(©^L 0 C[V k /6 k ])* 
such that for any partitions p\ and p 2 , 

0(pi ® P 2 ) = 0(pi)e 0 (p 2 ) + e 0 (pi)0(p 2 ). 

The set of -infinitesimal characters is denoted by 3E 0 [P] 
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Using the definitions of e 0 and e 0 , the set of EB-infinitesimal characters is the set of linear 
forms cj) such that 4 >(p) = 0 for any composed partition p, and the set of ^-infinitesimal 
characters is the set of linear forms f> such that <f{ p) = 0 for any non weakly-irreducible 
partition p and <f{ id/j) = kcf>( idi) for any integer k £ N. In particular, since we took the 
convention that 0 was composed, any 0-infinitesimal character is equal to 0 on [0], 

In order to study semi-groups of characters and infinitesimal characters, we need a new 
order and a notion of height. Recall that d(p) is the unique integer such that p £ P/,.. 

Definition 4-9. — Let us endow U ( ff Q 'Pk/&k with two orders: 

- if 0 = 0, p <ee p' if dg(p) < dg(p') or p = p', 

- if 0 = 0, p <h p' if there exist an integer k, p\ and p 2 in Vk such that p = [p\], 
p' = \p 2 \ and pi <p 2 - 

Definition 4-10. - The height o/(pi,P 2 ) ; 

- i/0 = ffl, h ffl (pi,p 2 ) = dg(pi) + dg(p 2 ), 

- ifB = 0, h^(pi,p 2 ) = d(id dg(pi) ,pi)+ d(id dg(p2) ,p 2 ). 

We have now gathered all the notions in order to prove the following result. 

Theorem 4-1- - Let <fi £ (©© 0 C[Pfc/(5fc])*. There exists, for any t > 0, a unique 

element e Bt ^ of (©£> 0 C[Pfc/@fc])* such that: 

— e Bt * = </> 0 e Bto< ^, 
dt \t=to 

and e 00 ^ = e 0 . Besides, the following assertions are equivalent: 

1. f is a Ti-infinitesimal character, 

2. for any t > 0, e Bt & £ X[P\. 

Proof. — Let us consider £ (©© 0 CfPfc/6©*. The system of differential equations: 

— e Bt *(p) = (</>0e 0t °© (p) 
dt | t=to V J 

is triangular when we consider the order <□ on L>k(Vk/&k) : it implies that the system 
admits a unique solution. For 0 = 0, this is a consequence of Theorem 13.51 where we 
proved that p 2 £ K p (pi) implies that p 2 < p. 

Let us prove the equivalence between the condition 1 and the condition 2. Let p\ and p 2 
be two partitions such that h(pi,p 2 ) > 0. Let us suppose that for any couple of partitions 
(> 1 , 1 © such that h 0 (p / 1 ,p / 2 ) < h 0 (pi,p 2 ), ©p, <8> p' 2 ) = eE](pi) 0 (P 2 ) + <Kp'i)eE](p 2 ) and 
for any t > 0, e 0to ^(p / 1 <g> p 2 ) = e Elto ^(p / 1 )e [I]<09i (p 2 ). 
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Let t 0 > 0: 

e^(pi <8 P2) = y; < Kp I 1 ) ®|)2 1) )e to ^(pf ) ®P2 2) ) 

(Xt |£=£q 

= </>(ei ( 8 ) e 2 )e to9i (pi (8 p 2 ) + 4 >{pi <8 P2)e to<?i (ei <8 e 2 ) 

+ y ®®P2^) 

Pl^ ®P2 1) <d e l ® e 2 iPl®P2 } 

where (ei,e 2 ) = ([0], [0]) if □ = ffl and (ei,e 2 ) = ([id dgCpi) ], [id dg(p2) ]) if □ = B. We can 
apply the hypothese about f and e 0 * 0 ^, Jj| t _ (o e*^(pi (8 p 2 ) is equal to: 

4>(ei 8 e 2 )e* o9i (pi (8 P2) + </>(pi <8 P2)e to< ^(ei (8 e 2 ) 

+ y 0(pS 1) ) e ab2 1) ) eto0 rf ) ) eto</ ’(P2 2) ) + e H (pf ) )(/>(p^ 1) )e to</ ’(pf ) )e to ^(pf } ) 

- </>(pi)e 0 (p 2 )e to9i (ei)e to</ ’(e 2 ) - <Kei)e0(e 2 )e to ^(pi)e to9i (p 2 ) 

- e 0 (pi)0(p 2 )e to ^(ei)e to</, (e 2 ) - e 0 (ei)</>(e 2 )e to ^(pi)e to< ^(p 2 ). 

But, 

E«d 1) )®(pf ) y"*(p ( i 2) )e‘”*(pf) = Wae‘°*(Pi))(®Qe‘ 0 *(P2)) 

= e**fa)£ e*( Pl ), 

at \t=t 0 

Using the fact that </>(ei 8 e 2 ) = </>(ei)e 0 (e 2 ) + e 0 (ei)</>(e 2 ) and e to< ^(ei 8 e 2 ) = 
e^(ei)e to,?i (e 2 ), we get that ^ =tQ (e^(pi (8 p 2 ) - e^(pi)e^(p 2 )) is equal to: 

4 >{ei <8 e 2 ) (V 09i (pi (8 P2) - e*°^(pi)e*°^(p 2 )) 

+ e <09i (ei (8 e 2 ) (</>(Pi 8 p 2 ) - </>(pi)e 0 (p 2 ) - 0(P2)e0(Pi)) • 

It is easy to see that this result allows us to prove, by recurrence on the height of the 
couple (pi , P2) ; the equivalence between conditions 1 and 2 . □ 

Remark 4-2. — Let us remark that when □ = EB and if we suppose that fi() = 0 these 
results are already known mu- But when □ = Kl, the usual theory can not be applied 
since (©^L 0 8, 0, A 0 , e 0 ) is not a filtered (connected Hopf) algebra. 

4-3.2. Characters, infinitesimal characters and transformations. — We will study char¬ 
acters and infinitesimal characters using the different transformations that we defined on 

(©r =0 m/© fc ]r. 

Proposition 4-5. The Ai, 1Z, M^ c and M c ~^-transforms are bijections from X(P] to 
itself. 
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Proof. — Let us prove that the A4-transform is a bijection from X[P] to itself: it will 
implies that the Al-transform is a bijection, and using the same arguments, we can prove 
that the A4^ c and .A/L^-transforms are bijections. 

Let f be an element of (©^L 0 C [Pk/&k])*, let p\ and P 2 be two partitions, respectively 
in V kl and "Ph -2 ■ Let us suppose that for any (p\,p 2 ) £ V kl x V}., 2 such that ^(p^p^) < 
liKi(pi) P 2 ), we know that 4>{jp\ ® P 2 ) = (t>{p'i)(f{p' 2 ) ■ We have the equality: 

(25) (-Ad(</>))(pi <g> p 2 ) - (M(0))(pi)(M(0))(p 2 ) = <fi(pi ® P 2 ) - ^(Pi)^(p 2 ). 

This is a simple consequence of Proposition 13.11 the definition of M. and the hypothesis on 

(f. 

This allows us to prove by recurrence on the height of (pi,P 2 ) that M is a bijection on 
the set of characters. □ 

In order to state a similar result for the infinitesimal characters, we need to define the 
set of additive characters and the set X| [P]. Recall Definition 13.31 and the notation 0*,. 

Definition f.ll. - An element cf £ (©£^0 is an additive character if for 

any partitions p\ and p 2 : 

<KPi ® P 2 ) = <Xpi) + 0(P2)- 

The set of additive characters is denoted by X + [P]. 

Let e|, be the linear form in (©J^Lg C[Pk/&k])* which sends, for any k £ N, 0 k on 1, and 
any other partition p on 0. We recall that 0 k = {{1, k, 1',..., k'}}. The set X[^ [P] is the 
set of linear forms in (©^ 0 C[V k /6 k ])* such that </>(pi<g>p 2 ) = e|(Pi)0(P2) + <(>(Pi)e|(p 2 ) 
for any partitions p\ and p 2 ■ 

Using the dehnition of e§j and Definition 13.31 the set X[| [V] is the set of linear forms f> 
such that 4>(p) = 0 for any non exclusive-irreducible partition p. 

Theorem f.2. — The M.-transform is a bijection from : 

1. Xa['P] to itself, 

2. 3C m [P] toX+[P]. 

In particular, the IZ-transform is a bijection from Xh[P] to itself and from X + [P] to X^ [P]. 

Proof. — The proof uses the same arguments as the proof of Proposition 14.51 We only 
explains which equation is used instead of Equation (051) . 

1. In order to study the assertion on Xee [P\, it is enough to see that if for any {p\ , p l 2 ) such 
that h|g|(p' 1 , P 2 ) < h^(pi,p 2 ), we know that </>(pi®p 2 )-e ffi (p' 1 )(?i(p' 2 )-(/>(pj)e ffl (p , 2 ) = 
0, then: 

(XW(0))(pi (8) p 2 ) - effl(pi)(A4(^))(p 2 ) - (A4(0))(pi)e ffl (p 2 ) 

= (j)( pi <E> p 2 ) - e ffl (pi)</>(p 2 ) - 0(pi)e E (p 2 ). 

This is a simple consequence of Proposition l3.ll the definition of M and the fact that 
Ep'< p e ffl(y) = e m(p) for an y partition p. 
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2. In order to study the assertion on 3L^[P], it is enough to see that if for any (jj\ . p ' 2 ) such 
that h^i(p , 1 , p^) < h K (pi,p 2 ), we know that 4 Pi®P 2 )~ e ia(p'i) < ?HP 2 ) _( /KP / L) e Ki(p 2 ) = 
0, then: 

pi <8) p 2 ) - pi) - p 2 ) 

= <j>{ pi <g> p 2 ) - £K|(pi)(/>(p 2 ) - <^(pi)eg|(p2). 

This is a simple consequence of Proposition l3.ll the definition of Ad and the fact that 
Y^ P '<p e ®(p') = 1 f° r any partition p. 

□ 

Theorem 4-3. — The M^ c -transform is a bijection from: 

1. to itself, 

2. 3L m [P\ to X|[P]. 

Proof. — The proof uses the same arguments as the proof of Proposition 14.51 Again we 
only explain which equation is used instead of Equation (|25l) . 

1. In order to study the assertion on X E [P ], it is enough to see that if for any (p \, p 2 ) such 
that h K (p' 1 ,p / 2 ) < h K (pi,p 2 ), we know that 0(p'i<8>p 2 )-e ffl (pi)<MP 2 )-‘KPi)^^) = 
0, then: 

(Ad^ c (0))(pi <g> p 2 ) - e ffl (pi)(Ad^ c (^>))(p 2 ) - (A4^ c (</)))(pi)e E (p 2 ) 

= (f{pi <g> p 2 ) - e E (pi)</>(p 2 ) - 0(pi)e E (p 2 ). 

This is a simple consequence of Proposition 13.11 the definition of Ad^ c and the fact 
that e E (p') = for any partition p. 

2. In order to study the assertion on Xb [P ], it is enough to see that if for any {p \, p 2 ) such 
that hg](p' 1 ,p 2 ) < h K (pi,p 2 ), we know that 0(Pi<g>p 2 )-eB(p'i)<Mp 2 )-<Kp'i)eB(p 2 ) = 
0, then: 

(Ad^ c (0))(pi <g> p 2 ) - 4(Pi)(- a ^ c (4)(P2) - (A4^ c (4)(pi)4(P2) 

= (f(p 1 <g> p 2 ) - e B (pi)</>(p 2 ) - 0(pi)e K (p 2 )- 

This is a simple consequence of Proposition 13.11 the definition of Ad^ c and the fact 
that Yj P ’^p e ^{p') = 4 ip) for any partition p. 

□ 


4.4. Study of (®£L 0 C [A])*- — 

4-4-1- Projections. — Recall the definitions in Section 13.2.11 Let us consider A in 
{6,13, Bs, PL}. Since for any integer k, Ak is a subset of Vu, any element of (®^1 0 C[Pk\)* 
can be restricted to C[.Afc]. 

Definition 4-12. — Let f be an element of (®J*L 0 > its restriction to ®^ =0 <C[.4fc] 

is denoted by R^i(4- kle can extend canonically an element of (®^L 0 C[-4fc])* by defining 
for any f € (®^ 0 C[AU,])*, E^(</>) as the unique element of (®/*L 0 ^[Pk])* such that for 
anype A? =0 Vk, (E (p) = $ P eu%L 0 A k <f>(p)■ 
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This definition allows us to define a M A and a "/^-transforms. 

Definition f.13. The M A -transform is given by: M A = R^oTVfoE^. It is a bijection 
from (©fcL 0 C[^4fe])* to itself, whose inverse is the IZ A -transform. 

In order to be more pedagogical, let us explain the equality M A = o M o E_ 4 : for 
any f> in (®^ 0 for any k and any b £ Ah'- 

b'^Ak\b<b 

Remark f.3. — The definitions of characters, □- convolutions, O-infinitesimal characters 
and the results which concern these notions and the M A , Ryx-iransforms can be extended 
t° (®fclo 

The application E^ o R_q is a projection which “erases” the values for p ^ ULet us 
define three new interesting projections. 

Definition 4.I4. — Let Ofi, Off and Off be the three applications on (©® 0 9 ^ ven 

by: 

C A = E a oR a oR a o M, 

C a = MoC a oIZ, 

of = M^ c oC>(M^)- 1 . 

The application Of is called the cumulant-projection on A, the application Off is called the 
moment-projection on A and the application Cff is called the exclusive-projection on A. 

These applications are projections and Im(C^) = E_ 4 ((©® 0 C®®*), Im (Cff) = Mo 
E^((©fe^o C®®*) an d \ m (Cf) = M^ c o E v 4 ((©^_ 0 C[*4®*). These remarks are direct 
consequences of the following straightforward equality: 

R .4 o Ml o E A o TZ a = ld(®~ 0 c[^ fc ])*- 

Notation f.2. — In the following, for any A, G(A) will denote the letter given in the 
following table. 


A 

e 

B 

Bs 

U 

V 

Q(A) 

u 

0 

B 

H 

6 


Table 1. Notation G(A). 

Let us consider an element of (©® 0 C)*. 

Definition f.15. — We say that is Q (A)-invariant if f> is a fixed point of Off. 
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Since C (J is a projection and using Equation (1221) . we get the following lemma. 

Lemma 4-1. ~ The linear form f is G (A)-invariant if and only if one of the following 

conditions is satisfied: 

1. cfeMoE A {(^ =0 C[A k ])*), 

2. 7^)eE^((©~ 0 C[A])*), 

3. e^ c oE^((©~ 0 C[A]n- 

The sets E_4((0^ o C[.4,fc])*) and M.~^ c o E^((0]^ o C[.Afc])*) are easy to understand. 
Recall Definition 13.61 where we defined Mb(p). 

Lemma f. 2 . — We have the following characterizations: 

1. The set E_4((0^ o Cf^])*) is the set of linear forms <ft such that for any p ^ Li k Ah, 

4>(;p) = o. 

2. When A £ {©,£>}, the set M.~^ c o E^((0^ o C^/t])*) is the set of linear forms 4> 
such that for any p £ UkVk, f(p) = W^( Mb (p))- 

Proof. — The first assertion is straightforward. The second is a direct consequence of 
Lemma [3721 Indeed, if (j) € M.^ c o E_4((0^ o C[.4fc])*), there exists f> in (0^o 
such that for any p £ Vk ■ 

fi(p) = ^V)- 

p'eAk \p '~ip 

Using Lemma E21 for any p £ V k , (j>(p) = = ^ P eu fc A:^( Mb (p))- Usin S 

similar arguments, the other implication is straitforward. □ 

f.f.2. The moment map and (0^oC[Gfc])*. — We will explain in this section that the 
TUg-transform is in fact the usual ^-transform in free probabilies ([15], [16] . [14]). Let us 
begin with a straightfoward lemma. 

Lemma 4-3. — The affine space A[6] can ben identified with the affine space Ci[[z]] of 
formal power series which constant term is equal to 1 by the following isomorphism : 

T : X[&\ -><Ci[[z]] 

4>^ ^<K(l,...,A0)z fc , 

fceN 

where we recall that (1 , ...,/c) the k-cycle in 6 k - 

Let us recall the notion of 711-transform in free probabilities, defined on Ci[[z]], which 
we will call the 7^.,,-transform. 

Definition 4-16. — Let M(z ) be a formal power serie in Ci[[z]], that is a formal power 
serie of the form: 

OO 

M(z) = 1 + y; a n z n . 

n =1 
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Let C(z) be the formal power serie C(z ) = 1 + k n z n such that C[zM(z)\ = M(z). 

The lZ u -transform of M is C. 


Theorem f.f. — Using the identification X\&\ — Ci[[z]] via the application T explained 
in Lemma\4-3[ the following diagram is commutative: 


*[©] 


TZa: 


Cl 


X[&\ 


>]] 


T^u 


■Cl 


>]] 


Proof. — The assertion is equivalent to the fact that for any </> E <T[(5], any integer k. any 
a E & k , 

II ^«(^(0))#c- 

cr'£6^\cr'<a c cycle of a 

When a = (1, k), this is a consequence of the bijection between non-crossing partitions 
of k elements and the set [id*;, (1,... , A;)] fl S* and Theorem 2.7 of |12j . In the general case 
is a consequence of this special case by using the factorization of the geodesics (Lemma 

EH). □ 


5. Observables and convergences of partitions 

In this section, we motivate the definition of the structures in Section E) these structures 

OO 

appear when one studies limits of elements in ]E C[Pfc(-ZV)]. The notion of convergence 

N=1 

we are going to use is the good notion to consider when one wants to apply the results to 
the study of random matrices which are invariant in law by conjugation by the symmetric 
group (0, 0). 


5.1. Definitions. — In order to define the notion of convergence 
define observables. 

Definition 5.1. — Let N E N, let p be a partition in Vk and E 
moment of E is: 


OO 

on n C[Pk(N)], we 

N=1 

EC [P k (N)]. Thep- 


m p (E) 


1 

Tr N (p) 


Tr n (E t p), 


where the product is seen in C [Pk{N)]. 

Let p be a partition in Vk and p' be a partition seen in C[Pk(N)], using the Equalities 
(USD and (1141b we have: 

(26) 


m p (p') = iY nc (pVp')-nc(pVid fc )_ 
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oo 

From now on, (Ejv)iveN is an element of f~[ C.[Vi ; (N)]. 

N=1 

Definition 5.2. — The sequence (Ejv)iveN converges in moments if for any p £ Vk, 
m p (E]y) converges when N goes to infinity. If so, we denote by m p (E) the limit of m p {E n) 
and we denote by (j/fi the linear form in (C[Pk})* such that (fff(p) = m p {E) for any p £ Vk- 

In the next section, we give a condition on the coordinates of (E/v )New which is equivalent 
to the convergence in moments of (Ea^tvsN- 


5.2. Cumulants and the key result. — For any p £ Vk and any F £ C [Vk(N)], we 
denote by F p the coodinate of F p on the partition p: F = Ylp^v k ^pP- 

Definition 5.3. — Let p be a partition in Vk and let F £ C[Pk(N)]. The cumulant of F 
on p is: 

Kp(F) = Arnc( P )-nc( P Vid fe ) Fp> 


Theorem 5.1. - The sequence (Eat)tvgN converges in moments if and only if for any 
p £ Vk, Hp{Ej\r) converges as N goes to infinity to a number that we denote by k p {E). 

Let us suppose that (Eat)tv converges in moments, for any p £ Vk-' 

(27) m p (E) = k p '(E), 

p'<P 


Remark 5.1. — Let us suppose that (Eat)tvgn converges in moments, let (ff. be the linear 
form in (C [Vk])* such that = k p (E) for any p £ Vk'- the theorem asserts that 

cfff = where we recall that M was defined in Definition \4.1\ 


Proof. — Let (Ejv)iveN be an element of C [Vk(N)], let p £ Vk and let N be a positive 

NeN 

integer. Using the cumulants of En, we can calculate the p-normalized moment of Ejy: 

7 m n (p) 


m p (E N ) - ^2 k p'{En) jync( P ')—nc( P 'Vid fc ) "°P ' 
p’&Vk 


= ^2 K p i(EN)N nC ( pWp '^~ nC ( pWidk ' ) - nc( ' P '' )+riC< ' P '' Jidk ' > , 
p’&'pk 

where we used the Equality (1261) . Hence, using Definition [1] 


(28) m p (E N )= J2 Kp(E N )N- df W’ p \ 

p'&'Pk 

Let us suppose that for any p' £ Vk, k p i(En) converges to a limit «y(E). The triangle 
inequality for d shows that for any p £ Vk, rrip{E^') converges when N goes to infinity and: 

lim m p (E N ) = V] n p fE N ). 

AM-oo ' 

p'<p 
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Now, let us suppose that it converges in moments. We can write the Equation (|28D as: 

m N = GnKn, 

where m N = (m p (E N )) pGVk{N) , k n = (k P (E N )) peVk{N) , and G N = . 

The sequence (Gjv)^v G pj converges to the matrix G of the order <: since G is invertible, 
kn = G~^m N converges to G~ 1 m. where m = (Jim m p (.Ejv)) pg .p fc - □ 

From now on, we will say that (Ejy) jvgN converges if it converges in moments. Besides, 
for any set of partitions P CVk, we will use the notation: 

(29) k p (E) = 

p&P 

Using Theorem 13.51 we can generalize easily Equation (1271) : we give one of these gener¬ 
alizations in the following proposition. 

Proposition 5.1. — Let us suppose that (En)n&$ converges. For any partitions po and 
Pi in Vk such that p\ < po : 

(30) m tp lO p 0 (E) — J ] K RT p /(p 1 )(-^'). 

p'<po 

Proof. — By linearity, it is enough to prove that Equation (l30l) holds for Ej\r = 
Nn c(p 2 )- 1 n c( P2 vid k ) P 2 for any integer N and for a given partition p 2 G Vk- For this choice of 
(E n ) N£N , for any p G V k , 

m p{E) — dp 2 <p 

Kp(E) — 5p = p 2 . 

Thus Equation (l30l) is equivalent to: 

®Pl<P0“P2< *P1°P0 _ ^Pl o P2<P0^P2eK P1 op 2 (Pl) 

which was proved in Theorem 13.51 □ 

5.3. The exclusive world. — In Section f3.41 we defined an other basis of C[Vk], namely 
the exclusive basis. We can define the exclusive moments and the exclusive cumulants in 
the same way that we defined the moments and the cumulants but using p c instead of p. 
Let N G N, let p be a partition in Vk and E G C[Vk{N)]. 

Definition 5.f. The p-exclusive moment of E is: 

m pC (E) = -l—Tr^Etp 0 )- 
Tr n(P) 

Let p be a partition in Vk and p' be a partition seen in C[Vk(N)], 

Tr N (p VI) = 


(31) 
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Definition 5.5. The exclusive cumulant of E on p is: 

k p c(E) = N nc ^- n < pVld ^(E) pC , 

where ( E) p c is the coordinate of E on p c in the exclusive basis (p c ) p£ -p k . 

The Theorem o can be extended to the following theorem. Let (En)ngn be in 

n*=iC[^(jv)]. 

Theorem 5.2. — The sequence {En)n&$ converges if and only if one of the two condi¬ 
tions holds: 

1. for any p £ Vk, m p c(E]y) converges as N goes to infinity to a number that we denote 
by m p c(E). 

2. for any p £ Vk, h p <^{En) converges as N goes to infinity to a number that we denote 
by Kpc(E). 

Let us suppose that (Ejy)converges, for any p £ Vk.: 

(32) m p (E) = J2 m ME), 

p'~\p 

(33) Kpc(E) = E vw- 

p'Zlp 

Remark 5.2. — Let us suppose that (En)ngn converges, let (j/ff be the linear form in 
(C[Vk])* such that (jfff (p) = m p c(E ) for any p £ Vk- the theorem asserts that (jfff = 
M 1 '(of). 

Proof. — Let (.EaOngn be an element of n E[Vk(N)]. For any positive integer N: 

NGN 


t? Kp(E N ) 

N 2-~t jync(p)-nc(pvidfc)" 


E 




E 


jV nc (P) — nc(pVidj.) 
p£Vk p'&Vk\p<p' 


P 


= Kp ^ Ar ^jY~ nc (p)+ nc (pVid fc )+nc(p')-nc(p'Vid A .) 

p&V k ,p'&V k \p<p' 
and using Equation (P): 


P 


!c 


jync(p')-nc(p'Vidfc) ’ 


En= Y, ( E Kp(EN)N- df (P’rt 

p’&Vk \p&V k ,p<p' 

Thus, for any integer N, for any p' £ Vk 

(34) k p >«(E n )= ]T Kp{E N )N-«W). 


P 


Jc 


j\T nc (p')-nc(p'Vid fc ) ‘ 


pGPfc,p<p' 
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Besides, it is easy to see that: 

m p {E N ) = J2 ^ nc(p ' vidfc) - nc(pvidfc) m p /c(£; i v). 

p<p' 

Using the same arguments as the one we used for Theorem 15.11 we deduce the equivalence 
of the conditions for convergence. Besides we have that: 

m p (E) = ^2 m p/ c(E), 

Kp c (£’jv’) = ^ ^ Kp'(E). 

Using Lemma 12.11 we deduce the Equalities (l32j) and (l33l) . □ 

Using Theorem [5721 we deduce the following theorem. From now on, let us suppose that 
(E n ) weN converges. 

Theorem 5.3. — For any p £Vk, m p c(E) = n p c{E). 

Proof. — Let (p^ be the linear form in (Cf'Pfc])* such that 4>e(p) = K P c i E ) for any P £ 
Vk- Using Theorems 15.1115221 and Equation Q2|) . (p^ = M^ c {(pff) = pff) = 

= □ 

This result implies the equality pff = Ad^ c ((/>g) which can be stated also in the following 
form. 

Theorem 5-4■ — For any p £ Vk, m p c ( E ) = YP p ’^ p k p '( e )- 

From this result, we get that if p is a partition in Vk which does not have any pivotal 
block, then: 

(35) m p c ( E ) = k p (E). 

In particular, for any p £ Bk, the Equality (l35l) is satisfied. 

5.4. The special case: ^([^==1 — 

5.4-1. Generalization. — Using the same notations as in Section [4.4.11 we consider A C 
{©, B, Bs, H, V}. When we consider an element (E^)NeN of I~IjV=i C[u4fc(lV)], we can 
consider the following notion of convergence. 

Definition 5.6. The sequence (-Ejv)jveN converges in A-moments if for any p £ Ak, 
m p (EN) converges when N goes to infinity. 

Then, following a similar proof, Theorem 15.11 can be generalized easily. 
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Theorem 5.5. — The sequence (En) converges in A-moments if and only if for any 
p £ Ak, k p (En) converges as N goes to infinity. Let us suppose that (En)ngN converges 
in A-moments, for any p £ Ak'- 

m p (E) = ^ n P '{E). 

p'&A k \p'<p 

Remark 5.3. — If we use the same notations as before for a and (jiff except that 
they are elements of (C[.Tfc])*, then a = JAa{4>e a)- 

Theorem 5.6. — Let us suppose that (E^)n &n converges in A-moments then it converges 
in moments: for any p £ Vk, the limit of m p (EN) exists. Besides, for any p £ Vk, the 
following equality holds: 

m p(E) ^ ' k p '(E). 

p'&A k ,p'<p 

Proof. — Indeed, if (En) N g ^ £ n C[.4fc(lV)] converges in ^4-moments then, by Theorem 

AeN 

ESI for any p £ Ak, k p (En) converges. By definition, for any p £ Ak and any integer N, 
n p (E]y) = 0: for any p £ Vk, n p (E]y) converges and by Theorem 15.11 for any p £ Vk, the 
limit of m p (£ , 7 v) exists. The Equation (1271) allows us to conclude. □ 

Using Definition 13.61 and Lemma 13.21 when A £ {©,£>}, the limit of the exclusive mo¬ 
ments of (Ujv)agn are easy to compute. 

Theorem 5.7. — Let us suppose that A £ {6 ,13} and that (£?a)ag^ converges in A- 
moments. For any p £ Vk- 

m p c(E) = ^ p ^Al K Mb(p){E). 

5.4.2. Projection by integration. — In this section, we motivate the definitions and results 
obtained in Section 14.4.11 The notation G(A) was set in Section 14.4.11 (Table 1). 

Notation 5.1. — For any integer N, the notation: 

— U(N) stands for the unitary group of size N, 

— O(N) stands for the orthogonal group of size N, 

— H(N ) stands for the hyperoctahedral group of size N, which consists of matrices which 
have exactly one nonzero enty in each row and each column which is equal to F1, 

— B(N) stands for the orthogonal bistochastic group of size N, which consists of orthog¬ 
onal matrices having sum 1 in each row and each column. 


Let (-Ea)agN be an element of FIagN C[’Pfe( N)] which converges when N goes to infinity. 
For any positive integer N, we define 

E G n {A) = [ g® k p N (E N )(g*)® k dg, 

Jg(A)(N) 

where dg is the Haar probability measure on G(A)(N) and pn was defined in Section l3~4l 
Recall Remark 14.11 
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Proposition 5.2. — There exists a sequence (Ejv)iveN £ OweN C[y4.fc(-/V)] such that for 
any positive integer N: p^{ Ejv) = E]!}^ ■ The sequence (E n)n& converges as N goes to 
infinity and the three following equalities hold: 

(36) =cxm, c c =M(c c )- 

Proof. — The first part of the proof is a direct consequence of the Schur-Weyl duality for 
the unitary, orthogonal groups |6j. Let us prove that (E7v)weN converges as N goes to 
infinity and that Equations [36] holds. Let p be in Ak and let N be a positive integer. Using 
the traciality of Tr fe , m p (Ejv) is equal to: 

vM) Tr ‘ ( m( E..)«(*„)) = T r‘ (^‘( W )®V<V) S «) <fe- 

For any g £ Q(A)(N), (g*)® k PN{ t p)g® k = PnCp), thus m p ( Eat) = m p (-E)v)- It implies 
that for any p £ Ak, m p (K^) converges as N goes to infinity: by Theorem 15.61 (Ejv)at£N 
converges and: 

MO = MO- 

Let us recall that 0j| = E^o Rm(</>e) s i nce (Ejv)a r G pj £ C[^(A/")], besides R.a(</>§) = 

E A o Ra($r ), thus: 

^ O R a (^) = E A oK A o R^(0 = E A o n A O R^(0™) = E 4 o^oR / o Micfih) 

=cxm. 

The two other equalities can be proved with the same kind of computations. □ 


5.5. Convergence of the modified algebras. — Let us define a deformation of the 
partition algebra C[Vk{N)} by modifying the multiplication which was set in Definition 
m This deformation is motivated by the fact that for any p £ Vk, the sequence in 
II v=i E-[Vk(N)] which is constant and equal to p does not converge. Thus, the basis {p) p& p k 
is not a good basis for the study of the asymptotic of the partition algebra C[Vk{N)]. 

Definition 5.7. — We define the application: 

Mist : Vk —> Vk 

1 

P ^ jync(p)-nc(pVid fc )^' 

This application can be extended as an isomorphism of vector spaces from C["Pfc] to itself. 

The definition of Mjy was set such that for any E £ C[Vk(N)\, (Mjf) 1 (E) is simply 
equal to 'f2,p^v k K p{E)p\ a sequence (-Ejv)iveN € I~1 v=i E-[Vk(N)} converges if and only if 
(Mjy)- 1 ^) converges for the usual convergence in finite dimensional vector spaces. 

Let us remark also that for any p in Vk and any p' in Vk/, 

(37) M N (p <g> p') = M N (p) (8) M N {p'). 

We can now define the deformed algebra C [Vk(N, N)]. 
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Definition 5.8. — We endow C[Vk] with a structure of associative algebra by taking the 
pullback of the structure of algebra of C [Pk(N)] by M jy. For any p\./P 2 in Vk the new 
product of pi with P 2 is given by: 

Pi- N P2 = (Mn) 1 [Mn(pi)Mn(j)2)] . 

This is the deformed algebra C [Vk(N, N)]. 

The application Mn can be extended as an isomorphism of algebra from C[Pk(N, IV)] to 
C [Pk(N)]. Its extension will be also denoted by Mn- In the following, we study the limit 
of the deformed algebras in the following sense. 

Definition 5.9. — Let C be a finite set of elements. For any N G N U {oo}, let An be 
an algebra such that C is a linear basis of Ln- For any elements x and y of C, for each 
N G NU{oo}, we denote the product of x with y in Ln by x. N y. The algebra An converges 
to the algebra A 00 when N goes to infinity if for any x and y in C, 

X - N V —> x.^y in €[(7], 

IV—>oo 

for the usual notion of convergence in finite dimensional linear spaces. 

Theorem 5.8. - The deformed algebra C[Vk(N,N)] converges, when N goes to infinity, 

to the deformed algebra C[Vk(oo, oo)] which is the associative algebra over C with basis Vk 
endowed with the multiplication defined by: 

Mp,p' G V k , p.^p = VeK pop ,(p) (P°P'), 

where the Kreweras complement was defined in Definition \3.14\ 

Proof. — For any N G N U {oo}, Vk is a linear basis of C[Vk(N, N)}. It is enough to 
prove that for any p and p' in Vk, P- N p' converges to 5p^ pop 'p op'. By a straightforward 
computation: 

p. N p' = N d ( id k,P°P')-d(id k ,p)-d(id k ,p')+ k+nc(pop )~ nc M-nc( P ) +K ( p y) ^ p ^ ^ Q 

Using Inequality [T8l and Definition 13.141 v..,v' - —■> ^ p 'eK pop ,(p) (p ° P 1 )- □ 


5.6. Some consequences. — 

5.6.1. Combinatorial consequences. — Using the associativity of the product . N and its 
limit when N goes to infinity, one can deduce the folllowing proposition. 


Proposition 5.3. 


The relation -<, defined in Definition\3.14 


is transitive. 


Proof. — Let p±, p 2 , P3 be three partitions in Vk- Let us consider the product Pi- n P2- n P3- 
We can compute the limit of this product in two ways by looking either at ( Pi- n P2)- n P3 or 
Pi- n (P2- n P3)- We get two limits which are equal and considering the coefficients, we get: 

(38) 


^P2 6 K P1 op 2 (pi ) ^P3 € K P1 op 2 op 3 (pi °P2 ) ^P3 € K p 2 op 3 (p2 ) ^P 2 °P 3 €K P10 p 2 op 3 (pi) ' 
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Let us consider p\, p' and p" in V k such that p\ -< p' and p' -< p" . There exists P2 and p 3 
such that pio p 2 = p', pi o p 2 o p 3 = p", p 2 E K Plop2 (pi) and p 3 E K pi0 p 20 p 3 (pi o p 2 ). Using 
Equation (f38j) . we get that: 

^P3eKp 2 op3(p2)^P20P3GKp l0 p 2 op 3 (pi) F 0- 

In particular, p 2 o p 3 E K pi0 p 20p3 (pi). Let p be equal to p 2 ° p 3 , then p E K p «(pi) and 
Pi op = p": it proves that p\ -< p". □ 

5.6.2. Convergence of the product. — A consequence of Theorem 15.81 is the continuity of 
the product for the notion of convergence in moments. 


Theorem 5.9. - Let (Fjv)jveN and (Fjv)a/gN be hwo elements of C[Ffc( N)]. Let 

ngn 

us suppose that ( Fjv)jv and (Fjv)jveN converge (in moments), then the sequence 
(^EnFn) N ^ converges (in moments). Besides: 

(39) r EF = r E ^^ & = = 


Remark 5.4- 

- Using the notations 

k p and m v , the Equations UFA) can be written in the 

following form: 

for any p 0 E V k : 


(40) 

k po(EF) = 

y ] kp{e)k Kpo{P )(f), 



pG"Pfe,pApo 

(41) 

m Po (EF) = 

y ^ K p{E)m.t popo (F), 



P&V k ,p<po 

(42) 

mpo(FF) = 

y ^ m poot p(F)Np(F). 



PG7\-,p<po 


Proof. — By definition for any integer N, (Mjv) 1 (FjvFjv) = (Mjv) 1 (En). n (Mjv) 1 (Fjv). 
But (Mjv) -1 (Fjv) and (Mjv) -1 (Fjv), seen as elements of C [Pk], converge when N goes to 
infinity. Besides, the algebra C[V k {N, N)] converges to C['P/ c (oo, oo)], as it was proved in 
Theorem 15.81 Thus (M^) _1 (FjvFjv) converges when N goes to infinity. Again this shows 
that (FjvFjv)jvgn converges. Besides: 

(Mat) -1 (F^Fat) = ^ K P0 (E N F N )p 0 , 
p£P k 

(M^- 1 (E n ). n (Mjv)" 1 (Fjv) = J2 K P {E N y p >{F N )p. N p'. 

p&VkF&Vk 

Using the formula for the limit of in Theorem 15.81 for any po E Vk- 

Np 0 (FF) = ^ ] n p (F)ak P0 (p) (F), 

pG'Pfc.pApo 

which gives us the first equality of (1391) (or equivalently Equation (PlOll h 

The other equalities are consequences of the Equation (1241) since, by Theorem 15.11 4> 7 FF = 
M{(t>% F ), = M{Vh) and <$? = M(cf K F ). □ 
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5.6.3. Convergence of multiplicative semi-groups. - 


Definition 5.10. - A family (fE^)^ t>0 of elements of Y\ N& ^<C.[Pk{N)\ is a semi-group 

if there exists (Hjy) tvgn £ called the generator, such that for any t > 0, 

for any integer N: 


d_ 

dt \ t=to 


E 


N 


H n E 


N 


N^t 0 - 


Let us suppose that {{E^)N) t>0 is a semi-group in ]~[/veN CfP^lV)] whose generator is 
(-ffiv)iveN- 


Definition 5.11. The semi-group ((£’/ v )Ar) t>0 converges if and only if for any t > 0, 
Econverges as N goes to infinity. 


The next theorem shows that a semi-group in ri^eN CfT^-lV)] converges if the initial 
condition and the generator converge. 


Theorem 5.10. The semi-group (^(E^)^ t>0 converges if the sequences (Eq)n^ and 
(Hn)ng n converge as N goes to infinity. Besides, we have the three differential systems of 
equations: for any to > 0: 


(43) 


d_ 

dt | t=t 0 


<Pk 


4>H ^ 


d_ 

dt | t=t 0 


4% 


4> k h <f>%, 


d_ 

dt | t=t 0 


4>% 



Remark 5.5. — Using the notations n p and m p , the Equations d^g| ) can be written in the 
following form: for any p £ Vk, for any to > 0: 

d_ 

dt \ t=to 


(44) 

(45) 

(46) 


rjt \+_+ K p(^t) — ] K pi(E)n^ p ^ pi ^(Et 0 ), 

PlSPfc.piAp 

m p (E t ) = E K pi (H)mt piOp (E t0 ) ? 

pi^Vk,pi<p 

m p {E t ) = ^ m po t pi (H)n pi (E to ). 

pie"Pfc,pi<p 


dt \t=to 

d_ 

dt \t=tg 


Proof. — Let us suppose that (Eq)n^ and (iLjv)jveN converge. For any integer N and 
any t > 0, we define E) v = (E^) and H^v = (Mjv) _1 (-ffiv)- Since Mjy is a morphism 

of algebra, the family ((E^)jv s n) >0 is a semi-group in C[Pk(N, N)] and its generator 

ive N 

is (H N ) Nm . For any t 0 > 0: 

J t 2 K Po {E?)po= f k p( H n)p\ n ( 

0 po&Vk P^Vk p'&Vk 
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Thus, for any po G Pk'- 

«po(^)= E k p {H n )k p ,{E?)N-^p'). 

CLi \t—to 

P,P pop—po 


When N goes to infinity, because of the hypotheses and since the -<;-defect is always 
positive, this differential system converges: n p (E converges for any p £ Vk and any real 
t > 0. Besides, for any to > 0, for any p GVk- 


d_ 

dt \t=to 


Np (Ef ) 


/* ] K pi{H) K K p (pi)(Et 0 ). 

PlS^YpiXp 


This gives us the first equation in (|43l) . The other equations are again consequences of 
Proposition O □ 


Remark 5.6. — Let the letter A stand either for & or B. If ((-E^tvgn^o a semi¬ 
group in C[^4fc(A^")], we can state a more general result: if the sequences (Eq )jvgn 

and (P^jv)jvgN converge in A-moments as N goes to infinity then ((E^)i\r e ^)t >o converges 
in V-moments. 


6. Fluctuations 

In this section, we generalize Section [5] in order to study the asymptotic developments 
of the moments and cumulants. This would allow us to generalize the notions of A4- 
, ^-transforms, IXI and E3 convolutions which would be defined on (©pF 0 ^[(Pkf&k) x 
{0,..., n}])*: the definitions are straightfoward after reading this section. Yet the characters 
of (©^Lq C[('Pfc/(5fc) x {0, ...,n}])* are not interesting in the asymptotic study of random 
matrices which are invariant in law by conjugation by the symmetric group thus we will 
not spend more time to explain these generalizations, only will we give short definitions in 
16.21 in order to simplify results in the following article [4j. This section can also be easily 
generalized for the sets of partitions A when A £ {©,£>, Bs,TL}. 

Let (En)ngn be an element of F] veN ^^(iV)]. We define and study a notion of strong 
convergence up to the n th order of fluctuations. 


Definition 6.1. The sequence (E^N&n converges in moments up to the n th order of 
fluctuations if for any p £ Vk, for any i G {0, ...,n}, there exist a real m p (E) such that: 


n— 1 


N r 


m p (E N ) - E 


m, 




z=0 


N l 


N—> oo 


m q 


\{E) 


6.1. Cumulants of higher orders and the key result. — The generalization of 
Theorem I5T1 is given in the following theorem. 
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Theorem 6.1. — The sequence (En)ngn converges in moments up to the n th order of 
fluctuations if and only if for any p £ Vk, for any i € {0, there exists a real n p (E) 

such that for any p £ V}-: 


71—1 


(47) 




<{E) 


Let us suppose that ( En) converges in moments up to the n th order of fluctuations, for 

any p £ V k , for any i 0 £ {0,..., n}: 


(48) 


m^(E)= 


«j-d 


p'eV k ,df{.p' ,p)<io 


Proof. — Let us suppose that for any p £ V k , for any i £ {0,n}, there exist a real n p (E) 
such that: 


(49) 


n n p (E N ) := N n (k p {E n ) - ]T Kp{E) 


i =0 


iV* / N—too P 


<{E) 


Let us denote for any i < n — 1 and any p £ V k , n p (E]y) = n p (E). This change of 
notations allows us to write the Equation (1491) as following: 

£> _ y~^ y~^ k p(En) p 

N N i jVnc(p)-nc(pVid fe ) ' 

p&Vk *=0 


We can compute the p-moment of E^\ 
1 


m p (E N ) = — — —Tr N (E N t p) = ’S^k 1 ,{E n ) 

lr n\P) ^ ^ 


1 


jyi+df(p',p) 


p'&Vk *=o 

n—1 / 

E E 

j =0 \(p',i)eVkX{0,...,n—l},i+df(p',p)=j 


k p'{En) 


1 

W 


+ 


E 




1 


y(p',i)eVkX{0,...,n},i+df(p',p)>n 

For any N £ N, any j £ {0,..., n — 1} and any p £ V k \ 

m p(E N ) = y, 4 (^) 

(p',i)£VkX{0,—,n-l},i+df(p',p)=j 

and 


jyi+df(p',p)-n I jyn ‘ 


mJ(£ N ) = 


E 


(p',i)G^x{0,...,n},i+df(p' ,p)>n 


]\fi+df(p',p)—n ’ 
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so that, for any p G Vk and any N G N: 


n —1 

m p (E N ) = y 
j=o 


m l p (E N ) 

au 


+ 


m p (E N ) 

N n 


For any p £ Vk and any i < n — 1, m p (E jy) does not depend on AT and m p (E jy) converges 
to 

£ ^r df(p, ’ p) (£) 

p'G'P fc ,df(p , ,p)<n 

when iV goes to infinity. This shows that (.E7jv)zveN converges in moments up to the n th 
order of fluctuations and Equation (H8l) holds. 

Let us suppose now that (En)^^ converges in moments up to the n th order of fluctu¬ 
ations. We prove that Equations (ITFl) and (1481) hold by recurrence on n. Since (Ejv)atsN 
converges, by Theorem 15. 11 k p (En) converges to k p (E). Let us suppose that Equation (ITT!) 
holds for l < n: for any p G Vk , any i G {0,..., /}, there exists rz p (E) and for any N there 
exists k 1 p (En) which converges to 4(E) such that: 


^ = E 

p&'Pk 



4(E) 


+ 


4( En ) 

N l 


P, 


Using the computations we already did: 


l-i 


m. 


,(E n ) = Y 


E 


4(E) 


j =o \ (p'.ifG'Pfcx{0,...,Z—l},i+df(p',p)=j 


1 

W 


+ 


E 


1 


K (p',i)eV k x{0,...,l},i+df(p',p)>l 
Using Equation (ll8j) for < l, we get: 


<’( e n) 


jyz+df(p',p)-Z I ]yl ' 


m. 


>( e n) = Y 


3=0 


m J p (E) 

N3 


+ 


E 


4(e n )-4(e) 


p'G7 7 fe,df(p',p)=0 


N l 


+ 


E 


4'( En ) 

N l+1 


+ o 


1 


N l+1 


(p',i)£V k X-{0,-,l},i+df(p',p)-l=l 
Since (En)ngn converges in moments up to the order 1 + 1 of fluctuations: for any p' G Vk, 


N l+1 m p (E N ) - Y 


3=0 


m p (E) 

Ni 
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converges as N goes to infinity. This implies that for any p £ Vk, 

E N( K l p ,(E N )-K l pl (E)) 

p'e[id fc ,p] 

converges as N goes to infinity. By inverting the order <, for any p£Vk'- 

N(K l p ,(E N )- K l pl (E )) 

converges as N goes to infinity. Thus Equation (14711 holds for n = 1 + 1, and using the first 
part of the proof, Equation (1481) holds for n = l + 1. A recurrence allows us to finish the 
proof. □ 

From now on, we will say that ( En)n converges up to the n th order of fluctuations if 
it converges in moments up to the n th order of fluctuations. Let us remark that Theorems 
15.51 and 15.61 are easily generalized in this setting of fluctuations. 


6.2. The IV-development algebra of order n. — 

6.2.1. Definition. — We can also generalize the algebra C [Pk(N, AC)] in order to study the 
algebraic fluctuations. We need to consider a formal variable X. 


Definition 6.2. — The N-development algebra of order n ofVk, denoted by Cr n )[Vk{N)], 
is the associative algebra generated by the elements of the form: -jF, where p £ Vk and 
i £ {0,... , n}. The product is defined such that, for any p and p' in Vk, and any i and j 
in {0,..., n}: 

p p' 1 pop' 

X i Xl _/V max (*+f+ J ?(P’P , ) _n ’°) X min (*+4+ r KP>P , )> n ) ’ 


The -4-defect is non-negative, thus for any i,j £ {0,... ,n} and any p,p' £ Vk, min{i + 
j + v(p,p'), m ) > 0. This implies that xmin ( i+ j°^( p p q m) is an element of the canonical basis 
of C ( n )[Vk{N)\. This shows that the product is well defined. 

When n = 0, we recover the algebra C[Vk{N, N)]: the application : Vk —> C( n ) [VkfN)] 
which sends p on can be extended as an isomorphism of algebra between C[7 \(N, A")] 
and C( 0 ) [Vk(N)]. Indeed if p and p' are two partitions in Vk, 


+(p)<lfip) 


P P' 
X° X° 


1 pop' 

N^P’P') X° 


1 


+(pop) 


®{p- n p')- 


Notation 6.1. - For any E £ C[Pk(N, N)], we denote by n p {E) the coordinate of E on 

v 

A -1 ' 


We will use a slight modification of the usual notion of convergence. 


Definition 6.3. — A sequence (_E/v) 7 v g N in rijVeN (-^)] converges if and only if 

for any i £ {0,... ,n — 1}, and any p £ Vk, n p (E]\r) does not depend on N and for any 
p £ Vk, n p (E]\r ) converges when N goes to infinity. We denote then n p (E) the limit of 

rf(E N ). 
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6.2.2. Convergence of C^[Pk(N)]. — As for C [Pk{N, N)], the algebra C( n ) ['Pfc(fV)] con¬ 
verges as N goes to infinity. Recall Definition 1 5.9 1 where we define the notion of convergence 
of a sequence of algebras. Theorem 15.81 has the following generalization. 


Theorem 6.2. — The algebra Cr n \[Vk(N)] converges, when N goes to infinity, to the oo- 
development algebra of order n, denoted by C^J'P^oo)], which is the associative algebra 
over C with basis (^)ie{o,...,ra},pe7V en dowed with the multiplication defined by: 


Mp,p' £ V k ,Vi,j £ {0,... ,n}, 


pp' pop' 

fCXfi = di +j+^P')< n xi+j+vi.P,P') ' 


Proof. — Let p and p' be two partitions in Vk and let i and j be two positive integers. 

p p' 1 pop' ^ pop' 

X i X V jYmax(i+j+?;(p,p , )-n,0) J^min(i+j+?j(p,p'),n) i +j+ij{p,p')<n J^i+j+r)(p,p') ’ 

where the first product is seen in C ( n )[Pk{N)]. □ 

6.2.3. Convergences: C ( n )\Pk(N)], multiplication and semi-groups. — Using Theorem 1(01 
and using similar ideas as for the n = 0 case, we deduce the two followings results. 


Proposition 6.1. — Let and (-Fjv)iveN be elements o/rijVeN ^(n) [^fcO^O] which 

converge. The sequence (-Ejv-Ejv)jveN converges. For any io £ {0, ...,n} and for any 
Po € V k : 


4°o (ef)= E 4( e )4(e)- 

p,p' GN|pop' =po,i+i'+ri(p,p')=io 

The good behavior of the product, given by Proposition 16.11 implies a criterion for 
the convergence of semi-groups in ]~[ YeN ^(n)[T 3 /-()]. Let ({E^)]\r) t>0 be semi-group in 
Hat^n \Pk (-^0]j which generator is denoted by (iLjv)jve n- By definition, it converges if 

and only if for any t > 0, converges. 

Proposition 6.2. — The semi-group {{E^) Ar) t>0 converges if the sequences 

and (fUv)ATeN converge. Besides, for any to > 0, for any p £ Vk and any i £ {0,..., n}, 

j t 4(^)= E 4(H)4,(E t0 ). 

p,p' (zVk ,i,i' €N|pop' =po,i+i'+p(p,p')=io 

6.2.f. ]lv=i ( ^-(n)[Vk(E)] andYY^ = iC[Pk(N)]. — Let us consider an element (-Ejv)iveN in 
rijv=i C['Pfc(A’)] which converges up to the n th order of fluctuations. Using Theorem 16.11 
we can associate a real number n l p {E) for any p £ Vk and any i £ {0, ...,n} such that for 
any p £ Vk, Equation (jjTj) holds. Let us denote by k™{En) the left hand side of Equation 
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Definition 6.4 ■ The lift of the sequence (En)n& in rLveN^(n) [Pk(Ef)], denoted by 
(Ejv)iveN is: 

E » = E (Ye ■ 

p&Vk V \i=0 / / 

By definition, (Ev)iveN converges as N goes to infinity and for any N £ N, one has 
£^(Ejv) = En, where £^ is the evaluation morphism: 

£&)■■ C in) [V k (N)] -A C[P k (N)} 

n n 1 ^ 

^ ^ ^ Jjfi l_ ^ ^ ^ jync(p) —nc(pVidfc)) " 

P&Vk *=0 pCPfc *=0 

The fact that £^[) is a morphism of algebra follows from a simple calculation. Besides, by 
definition, if a sequence (Eat)wgn in [Iv=i E n [Pk(N)\ converges then £^(Ejv) converges 
up to the n th order of fluctuations. 

6.3. Convergences: C[Pk(N)]i multiplication and semi-groups. — Using the dis¬ 
cussion in Section 16.2.41 we can use Section 16.2.31 in order to state results for C [Pk(N)\. 
Let us consider (En)ngn and (Fn)ngN two elements of nveN E-[Vk(N)] which converge 
up to the n th order of fluctuations. 

Theorem 6.3. — The sequence (EnFn) N gN converges up to the n th order of fluctuations. 
Besides, for any io £ {0,..., n}, for any po £ V} : : 

(50) 4°o (EF)= Y, 4(E)4{F), 

p,p'e'P k ,i,i'eN\pop l =p 0 .i+i'+r](p,p l )=i 0 

(51) m»(EF) E 4( E )">Uo< F )' 

P&Vk i+j+df(p,po)=io 

(52) m«(EF) =23 21 ’flo. p ( E K(n 

p&Vk i+j+df(p,p 0 )=i 0 

Proof. — Let (Ejv)iveN (respectively (FwVgn) be the lifts of (Ejv)jvgN (resp. (Ejv)jvgn) 
in riAigN C( n ) [Pk(N)]. The two sequences (Ev)iVeN and (Fjv)iVeN converge. According to 
Proposition 16.11 the sequence (EjvFv)jveN converges. For any io £ {0,... ,n} and for any 
Po G T k . 

(53) 4(EF)= Y k*(E)«£(F). 

p,p'G7 :, fc,j,i , GN|pop , =po,i-|-j , +p(p,p , )=io 

This implies that the sequence ^£^(EjvF. n)J converges in moment up to the n th order 

of fluctuations. Since £^) is a morphism of algebra, £^(Ejv) = En and ^)(Fv) = F N , 
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for any N £ N, (EyvF© = E^F^. We deduce that (EnFn) N£ ^ converges up to the n th 

order of fluctuations. The Equation fl50j) is a consequence of Equation The Equations 
m and (152|) are consequences of Theorem 13.41 □ 

Let us suppose that {{Et f ) N ) t>Q is a semi-group in ]© VgN ( C['Pfc(A r )] whose generator is 
(Hn) n& ^. We say that {{E^) N ) t>Q converges up to the n th order of fluctuations if and 

only if for any t > 0, Ne ^ converges up to the n th order of fluctuations. The following 
result is a generalization of Theorem 15. 101 it is a direct consequence of Proposition 16.21 and 
some usual arguments. 

Theorem 6 . 4 ■ The semi-group N ^ t>0 converges up to the n th order of fluctua¬ 

tions if the sequences (E^)jveN an d (-ffjv)iveN converge up to the n th order of fluctuations. 
Besides, we have the two differential systems of equations: for any po £Vk, for any to > 0, 
for any i 0 £ {0,... ,n}: 

(54) j t=t 4° 0 (E t )= J2 4 (H)4flE t0 ), 

P,P , eT’fc,i,i , eN|pop'=po,*+*'+’i(p,p')= i o 

( 55 ) J t m l p 0 (Et) =Y1 ^p( H )7nl p o po (E to ), 

0 pGPfc i+j+df(p,po)=io 

(58) jt^y^Ei) =J2 Y1 m J 0 o‘p (F) 4(^o)- 

pePfc i+.j+df(p,po)=io 

The Remark 15.61 can be generalized to fluctuations. 

Notation 6.2. — As explained at the beginning of Section 0, for sake of clarity, in the 
following article [4], we will use some EEI and IE convolutions in the setting of fluctuations 
of higher order. We will define them on (©^ 0 ^[Ek])*- 

For any set X, £{X) is the notation for the set of sets of X. For any I £ £{X), let 
I c be the complement of I in X. Recall that pj is the extraction of p to I defined in the 
beginning of Section \3.1.2\ Let k be an integer and p £ Vk, the set of factorizations #2 (p) 
is the set of (pi,p 2 ,I) £ V x V x £({1,..., k, 1',..., k'}) such that pj = p\, ppo = p 2 and 
nc(pi) + n c(p 2 ) = n c(p). 

Let (f\ and (j) 2 in (©^ 0 ^[Pk])* > f or any Po £ U kVk and any i £ {0,..., n}: 

<j>i ffl foipoflo) = E E MPiAi)h(P2,i2), 

(pi,P2,/)G32(p) h,*2GN|il+*2=*0 

f>l 13 4>2(P0, *0) = ^2 4>l{Pl,h)4>2(P2fl2)- 

Pl,P 2 €'Pfc,il,i 2 €N|piop 2 =po,U-M 2 +p(Pl,P 2)=*0 
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7. Conclusion 

By introducing a distance and a new order on partitions, we defined new structures on 
V = UkVk and on (C["P])*. In [4], we will define the notion of P-tracial algebras which are 
algebras endowed with multi-linear observables. These observables are compatible with 
the product and are indexed by the partitions in V. The structures defined and studied in 
this article will allow us to study R-tracial algebras and to define a notion of 'P-freeness. 

Besides, we emulated in this article the theory of random matrices. Using these results, 
we will define in |4] the notion of finite dimensional cumulants for random matrices. This 
will allow us to get various results on asymptotics of random matrices. 

In [5j, we will use these results in order to study the asymptotic of general random 
walks on the symmetric group. This will allow us to define the ©(oo)-master field which 
is in some sense the limit of the 6(7V)-Yang-Mills measure. 
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